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ABSTRACT
The off-shell representation theory of 4D, N = 1 supermultiplets can be
categorized in terms of distinct irreducible graphical representations called
adinkras as part of a larger effort we call supersymmetry ‘genomics.’ Recent evi-
dence has emerged pointing to the existence of three such fundamental adinkras
associated with distinct equivalence classes of a Coxeter group. A partial de-
scription of these adinkras is given in terms of two types, termed cis-and trans-
adinkras (the latter being a degenerate doublet) in analogy to cis/trans isomers
in chemistry. Through a new and simple procedure that uses adinkras, we find
the irreducible off-shell adinkra representations of 4D, N = 1 supergravity, in
the old-minimal, non-minimal, and conformal formulations. This procedure
uncovers what appears to be a selection rule useful to reverse engineer adinkras
to higher dimensions. We categorize the supergravity representations in terms
of the number of cis-(nc) and trans-(nt) adinkras in the representation and syn-
thesize our new results with our previous supersymmetry genomics results into
a group theoretic framework.
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1 Introduction
We continue to build a comprehensive representation theory for off-shell super-
symmetry (SUSY) in a project called supersymmetric ‘genomics’ [1, 2]. Our main
tools in this venture are adinkras: graphical representations of higher dimensional su-
persymmetric systems reduced to their one dimensional ‘shadows’ that remain when
all spatial dependence has been removed and only time dependence is considered. We
refer to this dimensional reduction process as reducing to the 0-brane. For instance,
the 0-brane reduction of the transformation laws for the 4D, N = 1 chiral multiplet
are entirely encoded as the adinkra in Fig. 1 where the colored lines connecting the
fields describe supersymmetry transformations. The precise meaning of the lines and
nodes in an adinkra such as Fig. 1 is reviewed in Sec. 2.
In the previous genomics works [1, 2], we built the adinkra representations for
many of the simplest off-shell 4D, N = 1 supermultiplets: the chiral, vector, tensor,
real scalar, and complex linear supermultiplets. This paper is the natural extension
of that work to include supergravity (SUGRA) as one of our ultimate goals is to find
the adinkraic representations for all 4D, N = 1 representations. We study off-shell
4D, N = 1 supergravity in components to a depth not previously studied in the
literature. For instance, this paper is the only place to the knowledge of the authors
that the Lagrangian and transformation laws for linearized 4D, N = 1 non-minimal
supergravity are written out explicitly in a Majorana component representation. A
main result of this paper is the discovery of what appears to be a selection rule for
adinkras that can not describe higher dimensional systems. The search for selection
rules with SUSY genomics is complementary to the procedures in Refs. [3] to ‘reverse
engineer’ adinkras to construct the higher dimensional systems in that SUSY genomics
does not suffer the difficulties with gauge theories encountered in Refs. [3].
A B
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F G
Figure 1: An adinkra for the chiral multiplet.
Supersymmetric theories are often better understood on-shell than they are off-
1
shell. Some of the most famous examples are 10D and 11D SUGRA and 4D, N = 4
super Yang-Mills theory (SYM). Off-shell representation theory is important for many
reasons. Practically, it allows for many applications such as model-independent clo-
sure of the supersymmetry algebra, solution of the superspace constraints in terms of
unconstrained variables and the consequent straightforward quantization, coupling to
off-shell supergravity and the consequent description of field theories in rigid curved
backgrounds, and the description of spontaneous supersymmetry breaking. Theoret-
ically, we would like as complete a classification of supersymmetric representations as
we have for Lie algebras. So far we achieved this only for the on-shell representations
and large families of off-shell representations with no more than eight supercharges.
There is a well-established no-go theorem to the effect that requiring a finite
number of auxiliary fields is only consistent with off-shell supersymmetry for generic
representations if the number of supercharges does not exceed four [4]. In the case
of eight supercharges, the harmonic and projective superspaces classify generic repre-
sentations using an infinite number of auxiliary superfields. The generic classification
with more than eight supercharges is unknown. Also unclassified are the non-generic
representations. Well-known examples of these are the N = 2 tensor multiplet and
(relaxed-)hypermultiplets. We would like to classify with adinkras the theories that
lie outside of the no-go theorem of Ref. [4]. A completed off-shell representation the-
ory would clarify these issues and we will explain in this paper how we are doing this
with adinkras.
The possibility that lower dimensional supersymmetric systems hold information
about higher dimensional supersymmetric systems was motivation for Ref. [5] to use
lower dimensional systems to classify more relevant higher dimensional systems. As
adinkras are one dimensional ‘shadow’ representations of higher dimensional systems,
they can be reverse engineered to find new representations of supersymmetry in higher
dimensions. In Ref. [6] for instance, a previously unknown 4D, N = 2 off-shell
multiplet dubbed the ‘relaxed extended’ tensor multiplet was discovered with the aid
of adinkras. This multiplet, inspired by attempts to realize an off-shell hypermultiplet,
is an extended version of the 4D, N = 2 tensor multiplet in the sense that it has more
fields, and is relaxed in the sense that the divergence constraint on the vector field is
removed.
As there are more supersymmetric systems in one dimension than there are in
higher dimensions, a difficulty in reverse engineering adinkras is in knowing which
adinkras are related to higher dimensional systems. A rigorous approach to reverse
engineering adinkras to higher dimensions, termed ‘dimensional enhancement,’ was
begun by Faux, Iga, and Landweber in Ref. [3]. Some progress was made in Ref. [3]
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toward understanding the way in which the representation theory for the dimension-
ally enhanced system is encoded in its ‘shadow’ adinkra, though the work with gauge
multiplets is incomplete. More recently, dimensional enhancement to the world-sheet
was investigated in Ref. [7].
Our approach to dimensional enhancement in this paper is to categorize dimen-
sional reductions from higher dimensions to lower dimensions and to look for patterns
that give us selection rules as to which adinkras can be extended to higher dimensions.
This approach works well for both gauge and non-gauge multiplets because there is a
straightforward process with which to dimensionally reduce a system even if it con-
tains gauge degrees of freedom. In our data driven approach, we use adinkras as the
building blocks of the higher dimensional representations analogous to how quarks
are the building blocks of SU(3) representations. As 4D, N = 1 supersymmetry is
well known, we have been focusing on this area before moving on to lesser known
supersymmetries, such as the aforementioned SYM and the 10D and 11D SUGRA’s.
Working first in 4D, N = 1 is also useful as in the complementary approach of Ref. [3]
4D, N = 1 was specifically discussed. In another paper of two of the current authors
that is yet in progress, we are extending our adinkra analysis to 4D, N = 2 where we
find adinkraic criteria based on the underlying N = 1 superfield content that seems
to encode information about the N = 2 theories to which they can extend [8].
In this paper, we add supergravity to the catalog of adinkraic representations
and uncover what appears to be a selection rule that encodes which adinkras can
not be dimensionally enhanced. For the data we have seen thus far, this selection
rule works for both gauge, or diffeomorphisms in the case of supergravity, and non-
gauge multiplets. There are two fundamental adinkras that exist with which we are
building the representation theory for all 4D, N = 1 off-shell representations. Fig. 2
shows the two fundamental adinkras, the cis- and trans-adinkras, as they describe
the chiral and vector off-shell multiplets, respectively. The names cis and trans come
from an analogy with cis/trans isomers in chemistry which have the same chemical
form and are connected in the same way, but occur in two different spatial forms [9].
As cis- and trans-isomers in chemistry are distinct within certain classes of spatial
transformations, typically rotations, the cis- and trans-adinkras are distinct with
respect to ‘adinkra transformations’ that involve rearrangements of the nodes. This
will be thoroughly discussed in Sec. 2.4. For now it is instructive to note that the cis-
and trans-adinkras in Fig. 2 are related via switching all orange solid lines to orange
dotted lines and vice versa. This particular transformation is outside of the set of
adinkra transformations and so the cis- and trans-adinkras are considered distinct.
The cis- and trans-adinkras each describe four supersymmetries between four
3
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Figure 2: The cis- (top left) is the adinkraic representation of the chiral multiplet.
The trans- (top right) adinkra is the adinkraic representation of both the vector and
tensor multiplets. Examples of cis/trans isomers in chemistry are cis-2-butene (bottom
left) and trans-2-butene (bottom right) [9].
bosons and four fermions. More generally, adinkras have matrix representations that
form the algebra of N general real db× df matrices that describe N supersymmetries
between db bosons and df fermions: the so-called ‘garden algebra’ which we denote
by GR(db, df ,N). For off-shell SUSY, we have db = df = d and so we will denote
off-shell garden algebras by GR(d,N). Where the cis-adinkra represents the chiral
multiplet, the trans-adinkra can represent either the tensor or the vector multiplets.
At the time Refs. [1, 2] were completed, all evidence pointed toward there being one
cis- and one trans-adinkra representation. These works found no adinkraic distinc-
tion between the tensor and vector multiplets. The degeneracy in the trans-adinkra
is reminiscent of the historical story of the degeneracy between the anti-up-quark
and anti-down-quark that is present if one is not aware of the su(2) isospin operator.
Once one becomes aware of the su(2) isospin operator and its action upon the vari-
ous quarks, the anti-up-quark and anti-down-quark can be seen to be distinct. More
recently Ref. [10] revealed the existence of a GR(d,N) operator (roughly analogous
to an su(2) isospin operator) that shows the vector and tensor supermultiplets in the
space of adinkras may be regarded as distinct. This evidence is embedded in a defi-
nition of equivalence classes of the GR(d,N) algebras and is related to permutation
elements. While we are aware of this distinction, we will not use this finer definition
in the analysis of this paper. Work on the understanding of this additional structure
was begun in Ref. [11].
Whereas dimensional reduction of a multiplet is trivial, representing this reduction
with adinkras generally is not. The 4D, N = 1 off-shell chiral, vector, and tensor
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multiplets are trivially represented as adinkras as they have only four bosonic and four
fermionic degrees of freedom (4|4) once gauge degrees of freedom have been removed.
Generally speaking, 4D, N = 1 off-shell multiplets will have (4k|4k) bosonic and
fermionic degrees of freedom, describable in terms of k adinkras, where k is the
number of bosonic (or fermionic) off-shell degrees of freedom divided by four
k ≡ d/4 = nc + nt (1.1)
with nc and nt the number of cis- and trans-adinkras composing the representation,
respectively. We therefore use the cis- and trans-adinkras as the building blocks of
4D, N = 1 representations. It is important to note that at first glance it is not at
all obvious that it is possible to uniquely decompose a 4D, N = 1 representation in
terms of nc cis- and nt trans-adinkras, though remarkably we have always found this
to be the case. For brevity, we refer to nc and nt collectively as the SUSY ‘isomer’
numbers and cis- and trans-adinkras collectively as ‘isomer’ adinkras throughout the
rest of the paper.8 We will also reserve the letter k to refer to the number of isomer
adinkras that are necessary to compose a given off-shell representation of size d = 4k.
For systems with k > 1, the stumbling point has been in finding the field redefini-
tions that are generally necessary to express the system in terms of isomer adinkras.
When such field redefinitions are necessary, the system has been termed non-adinkraic
in some of the literature (c.f. Ref. [12] for the complex linear supermultiplet). We
will not make such distinctions in this paper as we term any multiplet that can be
expressed in terms of isomers as ‘adinkraic’ even if it requires field redefinitions. In
fact, a main result of this paper is the unveiling of a new methodical procedure that
utilizes cis- and trans-adinkras to easily find these field redefinitions. This is interest-
ing and quite useful as Ref. [12] pointed out that adinkra studies that are restricted to
systems that do not require field definitions will most likely miss many possibilities,
the complex linear supermultiplet being one of them.
The aforementioned selection rule that has been consistent with all SUSY ge-
nomics data to date is that there are only four possible pairs of isomer numbers nc
and nt that a multiplet of size k = nc + nt can have:
(nc, nt) = (0, k), (1, k − 1), (k, 0), or (k − 1, 0). (1.2)
This implied selection rule may also contain information about the representation
8In Ref. [2], we referred to nc and nt as ‘enantiomer’ numbers. We switch here to the overarching
word ‘isomer’ as it is both shorter and technically a better analogy between cis/trans isomers in
chemistry.
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theory of the dimensionally enhanced system. There are some interesting patterns
that we see in the field redefinitions that the new adinkranization procedure in this
paper brings to light for the first time. While we are curious that things like super-
helicity may indeed be embedded in the field redefinition patters, we hold off on this
analysis until a later time when we have compiled more data from other multiplets.
We see the selection rule emerge when we build the adinkraic representations for
supergravity. The subject of off-shell 4D, N = 1 supergravity continues to be one
that reveals surprises even today. Among the earliest off-shell formulations of 4D,
N = 1 supergravity were those in Refs. [13, 14]. Shortly thereafter the topic received
much more attention due to the near simultaneous work in Refs. [15, 16]. Recently,
the auxiliary field structure of the various off-shell supergravity theories [17] has been
exploited to yield new insights into supersymmetric field theories in rigid, curved
backgrounds [18, 19, 20].
A long time ago, 4D, N = 1 Poincare´ supergravity, in its minimal and non-
minimal off-shell representations, was succinctly written in terms of a real parameter
n that originated in a superspace prepotential analysis [21]. There the discussion
was given using superspace in terms of non-Riemannian geometry, with torsion. This
parameter takes the value n = −1
3
for the old-minimal formulation (mSG), n = 0 for
the so-called new-minimal supergravity (νSG) and any n 6= −1
3
, 0 for the non-minimal
representation ( 6mSG).9 We use the same parameter n in this paper. Besides the
aforementioned use of these various formulations to describe rigid curved backgrounds,
the non-minimal generalizations have certain roles to play in other areas. In the
covariant formulation of the N = 1 heterotic string in four dimensions, for example,
the explicit form of the graviton vertex operator singles out the n = −1 non-minimal
theory. This same theory was also shown in Ref. [24] to belong to a family of N = 1
higher-spin theories for which it is possible to find a non-linearly realized N = 2
extension.
In Ref. [23], 4D, N = 1 off-shell linearized supergravity was investigated in terms
of superprojectors. There it was shown that all (12|12) minimal models (mSG, νSG,
and new-new-minimal (ννSG) supergravity) could be formulated in terms of two su-
perprojectors. All models with three superprojectors led to reducible (16|16) models,
and models with four superprojectors were the non-minimal models, parameterized
by a real number n.
Stated another way, the various supergravity representations can be thought of
9There is, in fact, yet another theory at the linearized level discovered in Ref. [22] and explained
in Ref. [23]. This “new-new-minimal” theory (ννSG) is minimal in that it is described by (12|12)
degrees of freedom and is very similar in structure to the new-minimal formulation.
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in terms of which compensator is added to the base (8|8) 4D, N = 1 conformal
supergravity (cSG). For mSG, the compensator is a chiral superfield, σ. For νSG or
ννSG, the compensator is a real linear superfield U or U , respectively, where the
difference is in the gauge transformation. For 6mSG, the compensator is a complex
linear superfield Σ = aσ+b U+c U with a, b, and c constants. We can thus succinctly
denote the representation sizes as (4k|4k) bosonic and fermionic degrees of freedom,
with k = 2 cSG, k = 3 mSG, νSG, or ννSG, k = 4 reducible, and k = 5 6mSG.
This leads to k adinkras for a representation: The question is how many cis- and
trans-adinkras are there and which component fields are part of which irreducible
representation.
This paper is organized as follows. In Sec. 2 we review the previous two genomics
Refs. [1, 2]. We review the construction of all adinkras for the off-shell systems
presented in those works. We also review various terminology which has become
standard in our analyses and that we will use throughout the rest of the paper. In
Sec. 3 we show how mSG is decomposed into an adinkra. During this decomposition,
we reveal our new and simple procedure that will always produce the adinkra for the
system if it exists. In Secs. 3 and 5 we use this procedure to uncover the adinkra
for 6mSG and cSG, respectively. Throughout Secs. 3, 4, and 5 we will show how the
adinkras for the compensator field and cSG emerge to compose the full represen-
tations. In Sec. 6, we explain the pattern from SO(4) representation theory. This
includes putting all adinkra data from the previous genomics works together with
the supergravity adinkra data to form a cohesive framework based on group theory.
We find that adinkras are graphical depictions of characters of the Spin(4)R group
that remains after dimensional reduction. Section 7 is the conclusion where we ana-
lyze all cis- and trans-adinkra data that has been compiled to date and explain the
selection rule that is consistent with this data and that tells us which adinkras can
not be dimensionally enhanced. Our conventions for gamma matrices are shown in
Appendix A. The conventions are the same as in Refs. [1, 2].
2 Review of Genomics I and II
In this section we review the construction of adinkras from dimensional reduction of
various 4D, N = 1 supersymmetric representations as was done in Refs [1, 2]. Along
the way, this section reviews some of the nomenclature that have become standard
in our adinkra analyses such as valises and chromocharacters.
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2.1 The Chiral Multiplet
The 4D, N = 1 off-shell chiral multiplet (CM) is very well known to consist
of a scalar A, a pseudoscalar B, a Majorana fermion ψa, a scalar auxiliary field
F , and a pseudoscalar auxiliary field G. The Lagrangian for this system which is
supersymmetric with respect to the transformation laws investigated in [1] is:
LCM =− 1
2
(∂µA)(∂
µA)− 1
2
(∂µB)(∂
µB) + i
1
2
(γµ)abψa∂µψb +
1
2
F 2 +
1
2
G2 (2.1)
This Lagrangian is invariant with respect to the supersymmetric transformation laws
DaA = ψa ,
DaB = i (γ
5)a
b ψb ,
Daψb = i (γ
µ)a b ∂µA − (γ5γµ)a b ∂µB − i Ca b F + (γ5)a bG ,
DaF = (γ
µ)a
b ∂µ ψb ,
DaG = i (γ
5γµ)a
b ∂µ ψb .
(2.2)
The transformation laws satisfy the algebra
{Da,Db} = 2i(γµab)∂µ . (2.3)
The 0-brane reduction of the chiral multiplet Lagrangian is acquired by assuming
only time dependence of the fields:
L(0)CM =
1
2
A˙2 +
1
2
B˙2 + i
1
2
δabψaψ˙b +
1
2
F 2 +
1
2
G2 , (2.4)
where here and throughout the rest of the paper we denote time derivatives with a
dot over the field:
A˙ ≡ ∂0A , B˙ ≡ ∂0B , ψ˙a ≡ ∂0ψa . (2.5)
Under this 0-brane reduction, the transformations reduce to those in Tab. 1.
The rules for constructing an adinkra from the 0-brane transformation laws are
as follows:
1. Put bosonic fields in square nodes and fermionic fields in round nodes and
arrange them in rows according to their engineering dimensions, increasing from
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Table 1: The 0-brane reduced transformation laws for the 4D, N = 1 chiral multiplet.
A B ψ1 ψ2 ψ3 ψ4 F G
D1 ψ1 −ψ4 iA˙ iF −iG −iB˙ ψ˙2 −ψ˙3
D2 ψ2 ψ3 −iF iA˙ iB˙ −iG −ψ˙1 −ψ˙4
D3 ψ3 −ψ2 iG −iB˙ iA˙ −iF −ψ˙4 ψ˙1
D4 ψ4 ψ1 iB˙ iG iF iA˙ ψ˙3 ψ˙2
bottom to top. We use the standard shorthand of brackets
[field] = mass dimension of field. (2.6)
For instance, the dimensions of the fields in the chiral multiplet can be easily
seen from the Lagrangian (2.2) to be: [A] = [B] = 1, [ψa] = 3/2, and [F ] =
[G] = 2.
2. Draw color coded lines connecting the fields that have supersymmetry trans-
formations between them. The color coding we use throughout this paper is:
green for D1, violet for D2, orange for D3, and red for D4.
3. A dashed line encodes an overall minus sign in the transformation law. For
instance, in the chiral multiplet we see from Tab. 1 that D1B = −ψ4 and
D1ψ4 = −iB˙ so there will be a dashed green line connecting these two fields, as
shown in Fig. 3.
4. If the transformation laws from boson to fermion have a factor of i multiplying
the fermion, place a factor of i in the fermion node.
Following these rules we encode the chiral multiplet’s 0-brane reduced transformation
rules shown in Tab. 1 as the adinkra in Fig. 3. Notice that transformations from upper
nodes to lower nodes encode time derivatives acting on the lower nodes. One can see
that this must always be true as engineering dimensions decrease from top to bottom.
Also, notice that rule four regarding the imaginary number i is not needed for the
chiral multiplet as boson to fermion transformations do not contain factors of i. We
will need to invoke this rule later in this section when we make a field redefinition
that absorbs a factor of i into the fermions.
From the adinkra in Fig. 3, we can lower the F and G nodes to the A and B level
by redefining the F and G nodes with an integral, as shown in Fig. 4, so that the
9
A B
ψ1 ψ2 ψ3 ψ4
F G
Figure 3: An adinkra for the chiral multiplet. The 0-brane transformation laws in
Tab. 1 are completely encoded by the colored lines with the identifications D1, D2, D3,
and D4.
engineering dimensions of the integrated fields
∫
dtF and
∫
dtG are the same as for
the non-integrated fields A and B.
A B
∫
dtF
∫
dtG
ψ1 ψ2 ψ3 ψ4
Figure 4: A valise adinkra for the chiral multiplet. The nodes for the F and G fields
have been moved down to the A and B level via integration.
Adinkras such as Fig. 4 that contain field nodes of only two different engineering di-
mensions so that they have been packed into their most compact form, as in a suitcase
or valise, are known as valise adinkras. We can translate the valise adinkra into four
adinkra matrices L1, L2, L3, and L4 corresponding to each color link encoding D1,
D2, D3, and D4 respectively, where the rows correspond to the bosons in the adinkra,
left to right, and the columns correspond to the fermions in the adinkra, left to right.
A plus (minus) one means there is a solid (dashed) link of that color between the
boson and fermion. A zero means there is not a link of that color between the boson
and fermion. The adinkra matrices corresponding to the valise adinkra for the chiral
multiplet in Fig. 4 are:
L1 =


1 0 0 0
0 0 0 − 1
0 1 0 0
0 0 − 1 0

 , L2 =


0 1 0 0
0 0 1 0
− 1 0 0 0
0 0 0 − 1

 ,
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L3 =


0 0 1 0
0 − 1 0 0
0 0 0 − 1
1 0 0 0

 , L4 =


0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0

 . (2.7)
Similarly, we can define four adinkra matrices R1, R2, R3, and R4 that are the
transposes of the LI adinkra matrices such that the rows correspond to fermions and
the columns correspond to bosons :
RI ≡ (LI)t = (LI)−1 . (2.8)
The GR(d,N) algebra, or garden algebra, is the algebra of d × d real matrices de-
scribing N supersymmetries
LIRJ + LJRI =2δIJId (2.9a)
RILJ +RJLI =2δIJId (2.9b)
with Id the d × d identity matrix. The adinkra matrices 2.7 and 2.8 for the chiral
multiplet satisfy the garden algebra for d = 4 and N = 4, i.e., they satisfy the GR(4,4)
algebra. In fact, any valise adinkra that describes off-shell supersymmetry will have
a matrix description that satisfies the corresponding garden algebra GR(d,N). The
garden algebra is the one-dimensional remnant of the closure relation that the D-
operators satisfy in higher dimensions. For the chiral multiplet, the closure relation
in four dimensions was simply Eq. (2.3).
In the first two genomics works, we lumped the d bosonic and d fermionic nodes
of a valise adinkra into d-plets, which for the chiral multiplet valise adinkra in Fig. 4
are the 4-plets:
Φ ≡


A
B∫
dtF∫
dtG

 , iΨ ≡


ψ1
ψ2
ψ3
ψ4

 . (2.10)
Throughout this paper, Φ and Ψ will always be implicitly defined this way off of
a valise adinkra, left to right in the adinkra corresponding to the one to d (up to
down) components Φ and iΨ, so we will always have the succinct relation between
the supersymmetry transformation and the LI and RI matrices as
DIΦ = iLIΨ , DIΨ = RIΦ˙ . (2.11)
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Notice that we have absorbed a factor of i into the field redefinitions for the
fermions in Eq. (2.10). The consequence of this is shown in Fig. 5 where rule four
from the adinkra construction rules listed above has made us place a factor of i in
the fermionic nodes. Field redefinitions of this sort have become standard in our
analysis of and we will continue to use them in this paper. The next two subsections
reviewing the vector and tensor multiplets are simple enough that explicit use of these
field redefinitions are not necessary.
Φ1 Φ2 Φ3 Φ4
iΨ1 iΨ2 iΨ3 iΨ4
Figure 5: A valise adinkra for the chiral multiplet under the field redefinitions in
Eq. (2.10). Notice the factors of i in the fermion nodes that are necessary to be con-
sistent with rule four of the adinkra construction rules.
2.2 The Vector Multiplet
The 4D, N = 1 off-shell vector multiplet (VM) is described by a vector Aµ, a
Majorana fermion λa, and a pseudoscalar auxiliary field d. The Lagrangian for the
vector multiplet which is supersymmetric with respect to the transformation laws
investigated in [1] is:
LVM =− 1
4
FµνF
µν +
1
2
i(γµ)abλa∂µλb +
1
2
d2 (2.12)
where the gauge field strength is the canonical
Fµν = ∂µAν − ∂νAµ . (2.13)
The 0-brane reduction is acquired by assuming only time dependence of the fields
and selecting the temporal gauge
A0 = 0 . (2.14)
The resulting 0-brane Lagrangian is:
L(0)VM =
1
2
(A˙21 + A˙
2
2 + A˙
2
3) +
1
2
iδabλaλ˙b +
1
2
d2 (2.15)
12
The 0-brane reduced SUSY transformation laws which are a symmetry of this La-
grangian were shown in Ref. [1]. They can be succinctly displayed as the adinkra in
Fig. 6.
A1 A2 A3
d
λ1 λ2 λ3 λ4
Figure 6: An adinkra for the vector multiplet.
Lowering the d node in this adinkra leads to a valise adinkra description as shown
in Fig. 7.
A1 A2 A3
∫
dt d
λ1 λ2 λ3 λ4
Figure 7: A valise adinkra for the vector multiplet.
In the same way that we defined adinkra matrices for the chiral multiplet in
Sec. 2.1, the adinkra matrices can be read directly off of Fig. 7 for the vector multiplet:
L1 =


0 1 0 0
0 0 0 − 1
1 0 0 0
0 0 − 1 0

 , L2 =


1 0 0 0
0 0 1 0
0 − 1 0 0
0 0 0 − 1

 ,
L3 =


0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

 , L4 =


0 0 1 0
− 1 0 0 0
0 0 0 − 1
0 1 0 0

 . (2.16)
As before, the RI matrices are defined as the transposes of the LI matrices, Eq. 2.8,
and together they satisfy the GR(4, 4) algebra (2.9) with d = 4.
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2.3 The Tensor Multiplet
The 4D, N = 1 off-shell tensor multiplet (TM) consists of a scalar ϕ, a second-
rank skew symmetric tensor, Bµν , and a Majorana fermion χa. The Lagrangian for
the tensor multiplet which is supersymmetric with respect to the transformation laws
investigated in [1] is:
LTM =− 1
3
HµναH
µνα − 1
2
∂µϕ∂
µϕ+
1
2
i(γµ)bcχb∂µχc (2.17)
where
Hµνα ≡ ∂µBνα + ∂νBαµ + ∂αBµν . (2.18)
Choosing temporal gauge
B0µ = 0 (2.19)
the 0-brane reduced Lagrangian is:
L(0)TM =2
(
B˙212 + B˙
2
23 + B˙
2
31
)
+
1
2
ϕ˙2 +
1
2
iδbcχbχ˙c . (2.20)
The 0-brane reduced SUSY transformation laws which are a symmetry of this La-
grangian were shown in Ref. [1]. They can be succinctly displayed as the valise
adinkra in Fig. 8 without any need to lower nodes. As we did for the vector and
ϕ 2B12 2B23 2B31
χ1 χ2 χ3 χ4
Figure 8: A valise adinkra for the tensor multiplet.
chiral multiplets in the previous two subsections, here we define the adinkra matrices
for the tensor multiplet directly off of its valise adinkra in Fig. 8:
L1 =


1 0 0 0
0 0 − 1 0
0 0 0 − 1
0 − 1 0 0

 , L2 =


0 1 0 0
0 0 0 1
0 0 − 1 0
1 0 0 0

 ,
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L3 =


0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 − 1

 , L4 =


0 0 0 1
0 − 1 0 0
1 0 0 0
0 0 1 0

 . (2.21)
As before, the RI matrices are defined as the transposes of the LI matrices, Eq. 2.8,
and together they satisfy the GR(4, 4) algebra (2.9) with d = 4.
2.4 Adinkra Transformations, Cis- and Trans-Adinkras, and
Chromocharacters
Here we review the main result of Genomics I [1] pertinent to the discussion of the
current paper: adinkra transformations, cis- and trans-adinkras, and chromocharac-
ters which are the mathematical formulas that pull out the isomer numbers nc and
nt from the LI and RI matrices. Given a valise adinkra, moving the nodes around
left and right and redefining nodes on the same level will leave us with an equivalent
valise adinkra that holds the same 0-brane information about the higher dimensional
system as before. We refer to nodal rearrangements and redefinitions such as these
as adinkra transformations. To use valise adinkras to classify higher dimensional sys-
tems, it is therefore necessary to find which valise adinkras are equivalent to other
valise adinkras under adinkra transformations. For this purpose, it is useful to rear-
range the nodes in the canonical valises for the chiral, vector, and tensor multiplets
as shown in Figs. 9, 10, and 11. Comparing the transformed adinkras on the right in
each of these, we notice that that the connections are all the same if we disregard the
dashings. In fact, the rightmost valise for the vector and tensor multiplets are identi-
cal and the rightmost valise for the chiral multiplet differs from the vector and tensor
only by a minus sign in the orange transformation D3. Such color transformations
that swap the sign of a D-transformation are outside of what we classify as adinkra
transformations. As such, no adinkra transformation exists that can make the chiral
multiplet’s valise exactly equivalent to the vector and tensor multiplets valise: the
1D shadow adinkras ‘know’ that a difference exists between the chiral and vector
multiplets and between the chiral and tensor multiplets in the higher dimensional
representation theory! In fact, all d = 4, N = 4 valise adinkras can be transformed
to one and only one of these two valise adinkras via adinkra transformations. We
therefore classify d = 4, N = 4 valise adinkras into two types: cis for the chiral
multiplet and trans for the vector and tensor multiples [1]. Throughout this paper,
the terms cis- and trans-adinkra refer to the rightmost adinkras in Figs. 9 and 10
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(or 11), respectively. Since when we refer to the cis- and trans-adinkra we are always
referring to a valise, we will often drop the adjective valise throughout this paper.
A B
∫
dtF
∫
dtG
ψ1 ψ2 ψ3 ψ4
⇒
A
∫
dtF − ∫ dtG B
ψ1 ψ2 ψ3 −ψ4
Figure 9: Transformation of the canonical chiral multiplet valise (Fig. 4) into the
cis-valise representation.
A1 A2 A3
∫
dt d
λ1 λ2 λ3 λ4
⇒
A3 −A1
∫
dt d −A2
λ1 −λ2 −λ3 λ4
Figure 10: Transformation of the canonical vector multiplet valise (Fig. 7) into the
trans-adinkra representation.
ϕ 2B12 2B23 2B31
χ1 χ2 χ3 χ4
⇒
ϕ −2B31 2B12 2B23
χ1 χ2 −χ3 −χ4
Figure 11: Transformation of the canonical tensor multiplet valise (Fig. 8) into the
trans-adinkra representation.
It is useful to introduce the SO(4) generators
iα1 = iσ
2 ⊗ σ1 , iα2 = iI2 ⊗ σ2 , iα3 = iσ2 ⊗ σ3 ,
iβ1 = iσ
1 ⊗ σ2 , iβ2 = iσ2 ⊗ I2 , iβ3 = iσ3 ⊗ σ2
, (2.22)
and the parameter
χ0 =
{
+1 cis
−1 trans , (2.23)
so that we may write the cis- and trans-adinkra matrices simultaneously as:
L1 = I4 , L2 = iβ3 ,
L3 =χ0iβ2 , L4 = −iβ1 .
(2.24)
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The adinkra transformations in Figs. 9, 10, and 11 can be realized on their
corresponding matrix representations as:
L
(cis)
I =X (CM)L(CM)I Y (CM) , (2.25a)
L
(trans)
I =X (VM)L(VM)I Y (VM)
=X (TM)L(TM)I Y (TM) . (2.25b)
The matrices X and Y for each representation are just a reordering of the Φ and Ψ
node 4-plets
Φ→ XΦ , Ψ→ Y tΨ (2.26)
where Φ and Ψ for the vector and tensor multiplets are defined canonically off their
valise adinkras in the same was as for the chiral multiplet in Eq. (2.10): the left to
right nodes correspond to the one to four (up to down) components of Φ and iΨ. The
matrices X and Y can be easily read off Figs. 9, 10, and 11 for each representation:
X (CM) =


1 0 0 0
0 0 1 0
0 0 0 −1
0 1 0 0

 , Y (CM) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 , (2.27)
X (VM) =


0 0 1 0
−1 0 0 0
0 0 0 1
0 −1 0 0

 , Y (VM) =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 , (2.28)
X (TM) =


1 0 0 0
0 0 0 −1
0 1 0 0
0 0 1 0

 , Y (TM) =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 . (2.29)
The first and second order chromocharacters, ϕ
(1)
IJ and ϕ
(2)
IJKL in Eqs. 2.30a and 2.30b
respectively, were defined in Genomics I [1], to give a precise mathematical formula
that determines whether an arbitrary d = 4, N = 4 valise adinkra is equivalent to
the cis- or the trans-adinkra
ϕ
(1)
IJ ≡ Tr[LIRJ] =4 (nc + nt ) δIJ (2.30a)
ϕ
(2)
IJKL ≡ Tr[LIRJLKRL] = 4 (nc + nt ) (δIJδKL − δIKδJL + δILδJK)
+ 4 (nc − nt ) ǫIJKL . (2.30b)
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Equations 2.30 are also satisfied for larger N = 4 representations with d > 4 and
we use them to categorize the SUSY isomer numbers for these larger representa-
tions. Using properties of traces and the orthogonality relationship Eq. (2.8), one can
clearly see from Eqs. (2.30) that ϕ
(1)
IJ and ϕ
(2)
IJKL are invariant with respect to adinkra
transformations such as Eqs. (2.25). Indeed, a straightforward calculation of ϕ
(1)
IJ and
ϕ
(2)
IJKL for any of the adinkra representations of the chiral, vector, or tensor multiplets
produces the results:
ϕ
(1)(CM)
IJ =ϕ
(1)(VM)
IJ = ϕ
(1)(TM)
IJ = 4δIJ (2.31)
ϕ
(2)(CM)
IJKL =4 (δIJδKL − δIKδJL + δILδJK) + 4 ǫIJKL , (2.32)
ϕ
(2)(VM)
IJKL = ϕ
(2)(TM)
IJKL =4 (δIJδKL − δIKδJL + δILδJK)− 4 ǫIJKL . (2.33)
Comparing with Eqs. (2.30) clearly the chiral multiplet is in the cis-adinkra rep-
resentation (nc = 1, nt = 0) and both the vector and tensor multiplets are in the
trans-adinkra representation (nc = 0, nt = 1). In this paper, we find that it is easiest
to find the SUSY isomer numbers nc and nt for the larger multiplets of supergravity
via a graphical adinkra approach. Even so, we will continue to quote the formulas for
the chromocharacters for we later find in Sec. 6 that the chromocharacters are useful
to synthesize our results into a group theoretic framework.
2.5 The Real Scalar Superfield
The 4D, N = 1 real scalar superfield RSS is a multiplet that is very well known.
It consists of a scalar K, a Majorana fermion ζ , a scalar field M , a pseudoscalar field
N , and axial vector field U , a Majorana fermion field Λ, and another scalar field d.
All together, there are d = 8 bosonic and d = 8 fermionic degrees of freedom so this
multiplet can be represented by k = nc + nt = 2 isomer adinkras. This multiplet
was the first multiplet we studied whose adinkraic decomposition was non-trivial and
required field redefinitions [2]. The 4D and 0-brane Lagrangians are equivalent for
this multiplet as there is no dynamics:
LRSS = L(0)RSS = −
1
2
M2 − 1
2
N2 +
1
2
UµU
µ − 1
2
Kd + i
1
2
ζaC
abΛb . (2.34)
The 4D transformation laws and their 0-brane reductions are shown in Ref. [2]. The
valise adinkra for the real scalar superfield is shown in Fig. 12 with the nodal field
content given by Eq. 2.35 where we separate the field content of the two parts with
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a horizontal line and number the components top to bottom, one through eight.10
Notice that the node definitions in Eq. (2.35) contain linear combinations of fields
with different engineering dimensions so that we must use integrals and derivatives
in these definitions. This mixing of fields of different engineering dimensions in the
adinkra nodes will be necessary for the more complicated multiplets we investigate
in this paper. Though the linear combinations of fields in Eq. (2.35) are not terribly
complicated, we will see that they will become more and more complicated for larger
and larger multiplets.
Φ1 Φ2 Φ3 Φ4
iΨ1 iΨ2 iΨ3 iΨ4
Φ5 Φ6 Φ7 Φ8
iΨ5 iΨ6 iΨ7 iΨ8
Figure 12: The valise adinkra for the real scalar superfield with the nodal field content
given by Eq. (2.35). This shows explicitly how the adinkra splits into its cis- (left) and
trans- (right) adinkra pieces when compared with Fig. 2.
Φ =


∫
dt d− K˙
2M
2N
2U0
−2U2
K˙ +
∫
dt d
2U1
−2U3


, iΨ =


−ζ˙1 − Λ2
−ζ˙2 + Λ1
−ζ˙3 + Λ4
ζ˙4 + Λ3
−ζ˙2 − Λ1
ζ˙1 − Λ2
ζ˙4 − Λ3
−ζ˙3 − Λ4


. (2.35)
Comparing Fig. 12 with Fig. 2, we easily see that the RSS is composed of nc = 1
cis-adinkra and nt = 1 trans-adinkra. The matrix representation of Fig. 12 is block
diagonal
L1 = I2 ⊗ I4 , L2 = iI2 ⊗ β3 ,
L3 = i
(
1 0
0 −1
)
⊗ β2 , L4 = −iI2 ⊗ β1 ,
(2.36)
with the RI matrices again defined as the transposes of the LI matrices, Eq. 2.8.
Together, the LI and RI matrices for the RSS satisfy the GR(8, 4) algebra (2.9) with
d = 8. The D-operator acting on the d = 8-plets defined in Eq. (2.35) satisfies the
10Here we correct for an overall minus sign error in the fermionic nodes of Fig. 4 of Ref. [2] and
drop an overall factor of
√
2 in Eq. (2.35).
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usual relation, Eq. (2.11), to the LI and RI matrices. Comparing with Eq. (2.24), the
block diagonal matrices in Eq. (2.36) for the RSS are in the cis-adinkra representation
in the upper left block and the trans-adinkra representation in the lower right block. A
straightforward calculation of the chromocharacters, Eqs. (2.30), is indeed consistent
with the real scalar superfield’s SUSY isomer numbers nc = nt = 1:
ϕ
(1)
IJ =8 δIJ (2.37)
ϕ
(2)
IJKL =8 (δIJδKL − δIKδJL + δILδJK) . (2.38)
For the larger representations in this paper, we will always report the block diagonal
form of the valise adinkra matrices as we have here.
2.6 The Complex Linear Superfield
The 4D, N = 1 complex linear superfield multiplet (CLS) consists of a scalar
K, a pseudoscalar L, a Majorana fermion ζ , a Majorana fermion auxiliary field ρ, a
scalar auxiliary field M , a pseudoscalar auxiliary field N , a vector auxiliary field V ,
an axial vector auxiliary field U , and a Majorana fermion auxiliary field β. We see
from its 4D Lagrangian
LCLS =− 1
2
∂µK∂
µK − 1
2
∂µL∂
µL− 1
2
M2 − 1
2
N2 +
1
4
UµU
µ +
1
4
VµV
µ
+
1
2
i(γµ)abζa∂µζb + iρaC
abβb (2.39)
that the CLS has the same dynamical field content as the off-shell chiral multiplet:
two scalars and a Majorana fermion. The 0-brane reduced Lagrangian for the CLS is
L(0)CLS =
1
2
K˙2 +
1
2
L˙2 − 1
2
M2 − 1
2
N2 +
1
4
UµU
µ +
1
4
VµV
µ
+ i
1
2
(ζ1ζ˙1 + ζ2ζ˙2 + ζ3ζ˙3 + ζ4ζ˙4) + i(ρ2β1 − ρ1β2 + ρ3β4 − ρ4β3) . (2.40)
The transformation laws that are a symmetry of the 4D Lagrangian and their 0-
brane reductions are given in Ref. [2]. The zero brane reduced transformation laws
are encoded in the valise adinkra for the CLS in Fig. 13 with the nodes defined in
Eq. (2.41) separated again by horizontal lines for the different adinkra pieces. The
numbering of the components in Eq. (2.41) is top to bottom, one through 12.
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Φ1 Φ2 Φ3 Φ4
iΨ1 iΨ2 iΨ3 iΨ4
Φ5 Φ6 Φ7 Φ8
iΨ5 iΨ6 iΨ7 iΨ8
Φ9 Φ10 Φ11 Φ12
iΨ9 iΨ10 iΨ11 iΨ12
Figure 13: The valise adinkra for the complex linear superfield with node definitions
in Eq. (2.41). All bosons have the same engineering dimension and all fermions have
the same engineering dimension. The adinkra clearly splits into one cis- (upper left)
and two trans- (upper right and bottom) adinkras
Φ =


−M
K˙ − V0
−L˙− U0
N
U2
V0 − 2K˙
−U1
U3
−V3
V1
−2L˙− U0
V2


, iΨ =


ρ˙2
2
− β1
−β2 − ρ˙12
−β3 − ρ˙42
β4 − ρ˙32
β1 − ζ˙2 + ρ˙22
β2 + ζ˙1 − ρ˙12
β3 + ζ˙4 − ρ˙42
β4 − ζ˙3 + ρ˙32
β1 + ζ˙2 +
ρ˙2
2
−β2 + ζ˙1 + ρ˙12
−β3 + ζ˙4 + ρ˙42
β4 + ζ˙3 +
ρ˙3
2


(2.41)
In the valise adinkra in Fig. 13, we have put the third piece below the first two
even though all bosons have the same dimension and all the fermions have the same
dimension. From here on, we will generally split up these larger valise adinkras into
more than one row with the understanding that all fermions have the same dimension
and all bosons have the same dimension. Comparing Fig. 13 with Fig. 2, we clearly
see that the valise adinkra for the CLS splits into nc = 1 cis-adinkra and nt = 2
trans-adinkras.
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The splitting is easily seen in the block diagonal matrix representation of Eq. (2.42)
L1 = I3 ⊗ I4 , L2 = iI3 ⊗ β3 ,
L3 = i

 1 0 00 −1 0
0 0 −1

⊗ β2 , L4 = −iI3 ⊗ β1 , (2.42)
and again we define the RI matrices as the transposes of the LI matrices, Eq. 2.8,
that together satisfy the GR(12, 4) algebra, Eq. (2.9) with d = 12. The D-operator
is related to the node definitions (2.41) and the LI and RI matrices for the CLS in
the usual way, Eq. (2.11), with d = 12. The block diagonal form of the matrices in
Eq. (2.42) once again helps to easily calculate the chromocharacters, Eqs. (2.30), for
the complex linear superfield
ϕ
(1)
IJ =12δIJ (2.43)
ϕ
(2)
IJKL =12 (δIJδKL − δIKδJL + δILδJK)− 4 ǫIJKL . (2.44)
A Comparison with the general formula in Eqs. (2.30) shows once again that the
complex linear superfield has SUSY isomer numbers nc = 1, nt = 2:
We see in Eq. (2.41) that the node field definitions are more complicated than
that of the RSS, Eq. (2.35). Later, in our supergravity analysis, we will see these
node definitions become even more complicated for 6mSG. In fact, we will see that the
CLS adinkra is embedded within the full 6mSG adinkra which is consistent with the
fact that the CLS is the compensator part of 6mSG as alluded to in Sec. 1.
3 4D, N = 1 Minimal SG (n = −1/3)
Here we begin the presentation of the main new results of the paper: the de-
composition of various supergravity representations in terms of adinkras using a new
adinkraic procedure. We start with the linearized theory of 4D, N = 1 Poincare´
old-minimal supergravity (mSG), which contains the real component fields of a scalar
auxiliary field S, pseudoscalar auxiliary field P , axial vector auxiliary field Aµ, Majo-
rana gravitino ψµa, and graviton hµν [21, 25]. In this section, we will unveil our new
adinkranization procedure that will always find the valise adinkra.
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3.1 Transformation Laws
We use the transformation laws
DaS =− 1
2
([γµ, γν ]) ba ∂µψνb (3.1a)
DaP =
1
2
(γ5[γµ, γν ]) ba ∂µψνb (3.1b)
DaAµ =i(γ
5γν) ba ∂[νψµ]b −
1
2
ǫ ναβµ (γν)
b
a ∂αψβb (3.1c)
Dahµν =
1
2
(γ(µ)
b
a ψν)b (3.1d)
Daψµb =− i
3
(γµ)abS − 1
3
(γ5γµ)abP +
2
3
(γ5)abAµ +
1
6
(γ5[γµ, γ
ν ])abAν+
− i
2
([γα, γβ])ab∂αhβµ (3.1e)
which are a symmetry of the Lagrangian
LmSG =− 1
2
∂αhµν∂
αhµν +
1
2
∂αh∂αh− ∂αh∂βhαβ + ∂µhµν∂αhαν
− 1
3
S2 − 1
3
P 2 +
1
3
AµA
µ − 1
2
ψµaǫ
µναβ(γ5γν)
ab∂αψβb (3.2)
up to total derivatives
DaLmSG = 0 + total derivatives. (3.3)
In the above and hereafter, h is the trace of the graviton
h ≡ ηµνhµν . (3.4)
A direct calculation reveals the following algebra
{Da,Db}S = 2i(γµ)ab∂µS , {Da,Db}P = 2i(γµ)ab∂µP , (3.5a)
{Da,Db}Aν =2i(γµ)ab∂µAν , (3.5b)
{Da,Db}hµν =2i(γα)ab∂αhµν − i(γα)ab∂(µhν)α , (3.5c)
{Da,Db}ψµc =2i(γα)ab∂αψµc − i∂µϕabc . (3.5d)
The extra term on the right hand side of Eq. (3.5d) is given by
ϕabc =
5
4
(γα)ab∂µψαc +
1
8
(
(γ5[γβ, γα])ab(γ
5γβ)
d
c + ([γ
β, γα])ab(γβ)
d
c
)
∂µψαd
+
1
8
(γβ)ab[γ
β , γα] dc ∂µψαd . (3.6)
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Comparing the RHS’s of Eqs. (3.5) for the graviton (hµν) and gravitino (ψµa) to those
for the other fields, there are extra terms that are consequences of the well known
gauge symmetries of the Lagrangian
hµν →hµν + ∂µΛν + ∂νΛµ (3.7)
ψµa →ψµa + ∂µǫa (3.8)
for arbitrary infinitesimal vectors Λµ and spinors ǫa.
3.2 One Dimensional Reduction
In the temporal gauge
h0µ = ψ0a = 0 (3.9)
the mSG Lagrangian reduced to the 0-brane becomes
L(0)mSG = h˙212 + h˙213 + h˙223 − h˙11h˙22 − h˙11h˙33 − h˙22h˙33
− 1
3
S2 − 1
3
P 2 − 1
3
A20 +
1
3
A21 +
1
3
A22 +
1
3
A23
+ i
(
−ψ31ψ˙12 + ψ32ψ˙11 − ψ33ψ˙14 + ψ34ψ˙13 − ψ11ψ˙23 + ψ12ψ˙24
+ ψ13ψ˙21 − ψ14ψ˙22 − ψ21ψ˙34 − ψ22ψ˙33 + ψ23ψ˙32 + ψ24ψ˙31
)
. (3.10)
The 0-brane reduced transformation laws are displayed in Tabs. 2 and 3. We notice
linear combinations of up to three fields in these transformations. It will be necessary
to define adinkra nodes with linear combinations as was done for the RSS and CLS
in Sec. 2. In building the adinkra for mSG, we now start our new adinkranization
procedure that will give evidence for the selection rule described in Sec. 1. We start
with the cis- and trans-adinkra shown here again in Fig. 14. The corresponding trans-
formation laws for both the cis- and the trans-adinkra are simultaneously displayed in
Tab. 4 using the shorthand parameter χ0 which was defined in Eq. (2.23). Our goal is
to find the linear combinations of fields that collapse the 0-brane reduced transforma-
tion laws in Tabs. 2 and 3 into either the cis- or the trans-adinkra, the transformations
in the smaller Tab. 4, three different ways to compose the full k = 3 valise adinkra
for mSG. In terms of matrices, this will mean the transformation laws between these
linear combinations will be describable in terms of block diagonal adinkra matrices
similar to Eqs. (2.36) and (2.42).
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Table 2: Transformation laws for mSG bosons in temporal gauge, Eq.(3.9), and re-
duced to the 0-brane.
D1 D2 D3 D4
S −ψ˙11 − ψ˙23 + ψ˙32 ψ˙12 − ψ˙24 + ψ˙31 ψ˙13 − ψ˙21 − ψ˙34 −ψ˙14 − ψ˙22 − ψ˙33
A2
1
2
ψ˙11 − ψ˙23 −
1
2
ψ˙32 −
1
2
ψ˙12 − ψ˙24 −
1
2
ψ˙31
1
2
ψ˙13 + ψ˙21 −
1
2
ψ˙34 −
1
2
ψ˙14 + ψ˙22 −
1
2
ψ˙33
h13
1
2
ψ11 +
1
2
ψ32 −
1
2
ψ12 +
1
2
ψ31
1
2
ψ13 +
1
2
ψ34 −
1
2
ψ14 +
1
2
ψ33
h11 ψ12 ψ11 ψ14 ψ13
h22 −ψ24 ψ23 ψ22 −ψ21
h33 ψ31 −ψ32 ψ33 −ψ34
A0 ψ˙13 − ψ˙21 − ψ˙34 −ψ˙14 − ψ˙22 − ψ˙33 ψ˙11 + ψ˙23 − ψ˙32 −ψ˙12 + ψ˙24 − ψ˙31
A1 −ψ˙13 −
1
2
ψ˙21 −
1
2
ψ˙34 −ψ˙14 +
1
2
ψ˙22 +
1
2
ψ˙33 ψ˙11 −
1
2
ψ˙23 +
1
2
ψ˙32 ψ˙12 +
1
2
ψ˙24 −
1
2
ψ˙31
h23
1
2
ψ21 −
1
2
ψ34 −
1
2
ψ22 +
1
2
ψ33
1
2
ψ23 +
1
2
ψ32 −
1
2
ψ24 −
1
2
ψ31
P −ψ˙14 − ψ˙22 − ψ˙33 −ψ˙13 + ψ˙21 + ψ˙34 ψ˙12 − ψ˙24 + ψ˙31 ψ˙11 + ψ˙23 − ψ˙32
A3
1
2
ψ˙14 +
1
2
ψ˙22 − ψ˙33 −
1
2
ψ˙13 +
1
2
ψ˙21 − ψ˙34 −
1
2
ψ˙12 +
1
2
ψ˙24 + ψ˙31
1
2
ψ˙11 +
1
2
ψ˙23 + ψ˙32
h12 −
1
2
ψ14 +
1
2
ψ22
1
2
ψ13 +
1
2
ψ21
1
2
ψ12 +
1
2
ψ24 −
1
2
ψ11 +
1
2
ψ23
Table 3: Transformation laws for mSG fermions in temporal gauge, Eq.(3.9), and
reduced to the 0-brane.
D1 D2 D3 D4
ψ13 i
1
3
A0 −
2
3
iA1 −
1
3
iA3 −
1
3
iP + ih˙12
1
3
iA2 +
1
3
iS + ih˙13 ih˙11
ψ21 −
1
3
iA0 −
1
3
iA1 + ih˙23
1
3
iA3 +
1
3
iP + ih˙12
2
3
iA2 −
1
3
iS −ih˙22
ψ34 −
1
3
iA0 −
1
3
iA1 − ih˙23 −
2
3
iA3 +
1
3
iP − 1
3
iA2 −
1
3
iS + ih˙13 −ih˙33
ψ14
1
3
iA3 −
1
3
iP − ih˙12 −
1
3
iA0 −
2
3
iA1 ih˙11 −
1
3
iA2 −
1
3
iS − ih˙13
ψ22
1
3
iA3 −
1
3
iP + ih˙12 −
1
3
iA0 +
1
3
iA1 − ih˙23 ih˙22
2
3
iA2 −
1
3
iS
ψ33 −
2
3
iA3 −
1
3
iP − 1
3
iA0 +
1
3
iA1 + ih˙23 ih˙33 −
1
3
iA2 −
1
3
iS + ih˙13
ψ11 i
1
3
A2 − i
1
3
S + ih˙13 ih˙11 i
1
3
A0 + i
2
3
A1 i
1
3
A3 + i
1
3
P − ih˙12
ψ23 −
2
3
iA2 −
1
3
iS ih˙22
1
3
iA0 −
1
3
iA1 + ih˙23
1
3
iA3 +
1
3
iP + ih˙12
ψ32 −
1
3
iA2 +
1
3
iS + ih˙13 −ih˙33 −
1
3
iA0 +
1
3
iA1 + ih˙23
2
3
iA3 −
1
3
iP
ψ12 ih˙11 −i
1
3
A2 + i
1
3
S − ih˙13 −i
1
3
A3 + i
1
3
P + ih˙12 −i
1
3
A0 + i
2
3
A1
ψ24 −ih˙22 −
2
3
iA2 −
1
3
iS 1
3
iA3 −
1
3
iP + ih˙12
1
3
iA0 +
1
3
iA1 − ih˙23
ψ31 ih˙33 −
1
3
iA2 +
1
3
iS + ih˙13
2
3
iA3 +
1
3
iP − 1
3
iA0 −
1
3
iA1 − ih˙23
Table 4: Transformation laws for an arbitrary cis- (χ0 = 1) or trans- (χ0 = −1)
adinkra system. The Φi are bosons and the Ψiˆ are fermions. These laws are encoded
by the cis- and trans-valise adinkras in Fig. 14.
D1 D2 D3 D4 D1 D2 D3 D4
Φ1 iΨ1 iΨ2 iχ0Ψ3 −iΨ4 Ψ1 Φ˙1 −Φ˙2 −χ0Φ˙3 Φ˙4
Φ2 iΨ2 −iΨ1 iχ0Ψ4 iΨ3 Ψ2 Φ˙2 Φ˙1 −χ0Φ˙4 −Φ˙3
Φ3 iΨ3 −iΨ4 −iχ0Ψ1 −iΨ2 Ψ3 Φ˙3 Φ˙4 χ0Φ˙1 Φ˙2
Φ4 iΨ4 iΨ3 −iχ0Ψ2 iΨ1 Ψ4 Φ˙4 −Φ˙3 χ0Φ˙2 −Φ˙1
Φ1 Φ2 Φ3 Φ4
iΨ1 iΨ2 iΨ3 iΨ4
Φ1 Φ2 Φ3 Φ4
iΨ1 iΨ2 iΨ3 iΨ4
Figure 14: The cis- (left) and trans- (right) valise adinkras encoding the transforma-
tion laws in Tab. 4.
From Fig. 14, we can see that each D-transformation for an adinkraic representa-
tion is a bijective map between fermions and bosons. The transformations in Tab. 2
map twelve bosons into twelve linear combinations of fermions that are different for
each D-transformation. Similarly, Tab. 3 maps twelve fermions into twelve linear
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combinations of bosons that are different for each D-transformation. For the (12|12)
mSG system to be represented in terms of the irreducible (4|4) cis- and trans-valise
adinkras, there must be three distinct sets of linear combinations that define the
nodes in the cis- or trans-valise adinkra and collapse Tabs. 2 and 3 into the smaller
Tab. 4.
Tables 2 and 3 are organized horizontally into groups of three fields that can
combine in linear combinations to form the nodes of an adinkra. For instance, we see
that various combinations of ψ˙13, ψ˙21, and ψ˙34 transform into various combinations of
only A0, A1, and h˙23 under the D1 transformation. Finding the linear combinations
that collapse Tabs. 2 and 3 to either the (4|4) cis-adinkra or the (4|4) trans-adinkra as
depicted in the smaller Tab. 4 and Fig. 14 will automatically give us the SUSY isomer
numbers nc and nt for mSG. Our strategy is to find the number nc of ways Tabs. 2
and 3 collapse to Tab. 4 under the cis-adinkra choice (χ0 = 1) and the number nt of
ways Tabs. 2 and 3 collapse to Tab. 4 under the trans-adinkra choice (χ0 = −1).
Starting with a seed linear combination:
iΨ1 =− u1ψ˙13 + u2ψ˙21 + u3ψ˙34 (3.11)
where u1, u2, and u3 are arbitrary constants, we can calculate the D-operator on the
Ψ1 node through both Tabs. 3 and 4 to define another node. We continue the process
until we have defined all the nodes. We will see that after four iterations, each with a
different color, choosing the cis- or trans-adinkra representation, χ0 = 1 or χ0 = −1
respectively, will lead to constraints on u1, u2, and u3. A simple analysis of these
constraints will tell us:
1. The nodal field content of the cis- and trans-valise adinkras in the representa-
tion.
2. The number of cis- (nc) and trans-valise (nc) adinkras that compose the repre-
sentation.
We proceed by calculating D1Ψ1 from Tab. 4 and equating this to D1Ψ1 calculated
from Eq. (3.11) and Tab. 3. This defines Φ1:
D1Ψ1 =Φ˙1
= D1Ψ1 =
1
3
(−u1 − u2 − u3)A˙0 + 1
3
(2u1 − u2 − u3)A˙1 + (u2 − u3)h¨23
⇒ Φ1 =1
3
(−u1 − u2 − u3)A0 + 1
3
(2u1 − u2 − u3)A1 + (u2 − u3)h˙23 . (3.12)
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Next, we calculate D2Φ1 through both Tabs. 2 and 4, defining Ψ2:
D2Φ1 =iΨ2
= D2Φ1 =
1
3
(−u1 + 2u2 + 2u3)ψ˙14 + 1
3
(2u1 − u2 + 2u3)ψ˙22
+
1
3
(2u1 + 2u2 − u3)ψ˙33
⇒ iΨ2 =1
3
(−u1 + 2u2 + 2u3)ψ˙14 + 1
3
(2u1 − u2 + 2u3)ψ˙22
+
1
3
(2u1 + 2u2 − u3)ψ˙33 . (3.13)
Following this with a calculation of D3Ψ2 gives us Φ4:
D3Ψ2 =− χ0Φ˙4
= D3Ψ2 =
1
3
(−u1 + 2u2 + 2u3)h¨11 + 1
3
(2u1 − u2 + 2u3)h¨22
+
1
3
(2u1 + 2u2 − u3)h¨33
⇒ Φ4 =− χ0
3
(−u1 + 2u2 + 2u3)h˙11 − χ0
3
(2u1 − u2 + 2u3)h˙22
− χ0
3
(2u1 + 2u2 − u3)h˙33 (3.14)
where we have used χ0 = ±1 to move χ0 to the RHS of the last line. Our fourth
iteration with a different color, D4Φ4, gives us back Ψ1:
D4Φ4 =iΨ1
= D4Φ4 =− χ0
3
(−u1 + 2u2 + 2u3)ψ˙13 + χ0
3
(2u1 − u2 + 2u3)ψ˙21
+
χ0
3
(2u1 + 2u2 − u3)ψ˙34
⇒ iΨ1 =− χ0
3
(−u1 + 2u2 + 2u3)ψ˙13 + χ0
3
(2u1 − u2 + 2u3)ψ˙21
+
χ0
3
(2u1 + 2u2 − u3)ψ˙34 (3.15)
and when compared with the seed relation, Eq. (3.11), forces a constraint as promised:
u1ψ˙13 − u2ψ˙21 − u3ψ˙34 =χ0
3
(−u1 + 2u2 + 2u3)ψ˙13 − χ0
3
(2u1 − u2 + 2u3)ψ˙21
− χ0
3
(2u1 + 2u2 − u3)ψ˙34 . (3.16)
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This constraint simplifies to the following under the choice of cis or trans:
cis: χ0 = 1 ⇒ u1 = u2 = u3 , (3.17)
trans: χ0 = −1 ⇒ u1 + u2 + u3 = 0 . (3.18)
The four iterations, Eqs. (3.11) through (3.16), that lead us to the constraint Eqs. (3.17)
and (3.18) can be succinctly depicted with the adinkras in Fig. 15.
(3.11),(3.16)
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Figure 15: On the left (right), the iterative procedure in Eqs. (3.11) through (3.16)
that leads to the cis (trans) constraint in Eq. (3.17). This is the cis-valise (trans-valise)
adinkra in Fig. 14 with the nodes and links that do not enter the iteration removed.
Further iterations define the other four nodes of each adinkraic representation but
lead to no further constraints on u1, u2, or u3. These resulting nodal definitions for
the cis and trans choices are
Φ =


−u1A0
−u1P
u1S
−u1h˙

 , iΨ =


−u1(ψ˙13 − ψ˙21 − ψ˙34)
−u1(−ψ˙14 − ψ˙22 − ψ˙33)
−u1(ψ˙11 + ψ˙23 − ψ˙32)
−u1(ψ˙12 − ψ˙24 + ψ˙31)

 ,
cis: χ0 = 1 , u1 unconstrained, (3.19)
and
Φ =


u1A1 + (u2 − u3)h˙23
u3A3 + (u1 − u2)h˙12
u2A2 + (u3 − u1)h˙31
−u1h˙11 − u2h˙22 − u3h˙33

 , iΨ =


−u1ψ˙13 + u2ψ˙21 + u3ψ˙34
−u1ψ˙14 − u2ψ˙22 − u3ψ˙33
−u1ψ˙11 − u2ψ˙23 + u3ψ˙32
−u1ψ˙12 + u2ψ˙24 − u3ψ˙31

 ,
trans: χ0 = −1 , u1 + u2 + u3 = 0 . (3.20)
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The cis choice, Eq. 3.19, has only one free parameter, u1, which encodes an overall
scale freedom in the definition of the nodes. We can, with no loss of generality, set
this parameters to u1 = −1. The cis-adinkra submultiplet is therefore unique and so
we have nc = 1 for mSG. We see in Eq. (3.19) that the cis definition of Φ contains
the trace of the graviton. This is related to the rotational symmetry fixed by the
solution, Eq. (3.17). Notice that the two solutions (3.17) and (3.18) form a line and
a plane through the origin in R3, respectively, that are perpendicular to each other.
In contrast to there being one unique cis choice, the trans choice Eq. (3.20) leads
to two independent parameters that describe two linearly independent nodal field
definitions. We see then that mSG has the SUSY isomer numbers
nc = 1 , nt = 2 , (3.21)
which are the same as those for the complex linear supermultiplet [2].
The equations
Φ =


A0
P
−S
h˙
u1A1 + (u2 − u3)h˙23
u3A3 + (u1 − u2)h˙12
u2A2 + (u3 − u1)h˙31
−u1h˙11 − u2h˙22 − u3h˙33
v1A1 + (v2 − v3)h˙23
v3A3 + (v1 − v2)h˙12
v2A2 + (v3 − v1)h˙31
−v1h˙11 − v2h˙22 − v3h˙33


, iΨ =


ψ˙13 − ψ˙21 − ψ˙34
−ψ˙14 − ψ˙22 − ψ˙33
ψ˙11 + ψ˙23 − ψ˙32
ψ˙12 − ψ˙24 + ψ˙31
−u1ψ˙13 + u2ψ˙21 + u3ψ˙34
−u1ψ˙14 − u2ψ˙22 − u3ψ˙33
−u1ψ˙11 − u2ψ˙23 + u3ψ˙32
−u1ψ˙12 + u2ψ˙24 − u3ψ˙31
−v1ψ˙13 + v2ψ˙21 + v3ψ˙34
−v1ψ˙14 − v2ψ˙22 − v3ψ˙33
−v1ψ˙11 − v2ψ˙23 + v3ψ˙32
−v1ψ˙12 + v2ψ˙24 − v3ψ˙31


(3.22)
with components numbered top to bottom, one to 12 define the nodal field content
for the complete adinkraic decomposition for mSG where v1, v2, and v3 parameterize
the second trans-adinkra submultiplet and satisfy the same constraint as u1, u2, and
u3:
u1 + u2 + u3 = v1 + v2 + v3 = 0 (3.23)
Furthermore, considering our free parameters to be ~u = (u1, u2) and ~v = (v1, v2), we
must also enforce linear independence: ~v 6∝ ~u, otherwise they would be describing the
exact same field content up to an overall rescaling.
The node definitions (3.22) collapse Tabs. 2 and 3 into the smaller Tab. 5 three
different ways, which is encoded in the valise-adinkra for the full mSG multiplet in
Fig. 16. Comparing Fig. 16 with Fig. 2, we clearly see that the mSG valise adinkra
is composed of nc = 1 cis-adinkra and nt = 2 trans-adinkras. In Sec. 5, we will see
that the cSG adinkra is composed precisely of the two trans-adinkra submultiplets of
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Table 5: Zero-brane reduced mSG transformation rules in the adinkraic representation
in Eqs. (3.22).
D1 D2 D3 D4 D1 D2 D3 D4
Φ1 iΨ1 iΨ2 iΨ3 −iΨ4 Ψ1 Φ˙1 −Φ˙2 −Φ˙3 Φ˙4
Φ2 iΨ2 −iΨ1 iΨ4 iΨ3 Ψ2 Φ˙2 Φ˙1 −Φ˙4 −Φ˙3
Φ3 iΨ3 −iΨ4 −iΨ1 −iΨ2 Ψ3 Φ˙3 Φ˙4 Φ˙1 Φ˙2
Φ4 iΨ4 iΨ3 −iΨ2 iΨ1 Ψ4 Φ˙4 −Φ˙3 Φ˙2 −Φ˙1
Φ5 iΨ5 iΨ6 −iΨ7 −iΨ8 Ψ5 Φ˙5 −Φ˙6 Φ˙7 Φ˙8
Φ6 iΨ6 −iΨ5 −iΨ8 iΨ7 Ψ6 Φ˙6 Φ˙5 Φ˙8 −Φ˙7
Φ7 iΨ7 −iΨ8 iΨ5 −iΨ6 Ψ7 Φ˙7 Φ˙8 −Φ˙5 Φ˙6
Φ8 iΨ8 iΨ7 iΨ6 iΨ5 Ψ8 Φ˙8 −Φ˙7 −Φ˙6 −Φ˙5
Φ9 iΨ9 iΨ10 −iΨ11 −iΨ12 Ψ9 Φ˙9 −Φ˙10 Φ˙11 Φ˙12
Φ10 iΨ10 −iΨ9 −iΨ12 iΨ11 Ψ10 Φ˙10 Φ˙9 Φ˙12 −Φ˙11
Φ11 iΨ11 −iΨ12 iΨ9 −iΨ10 Ψ11 Φ˙11 Φ˙12 −Φ˙9 Φ˙10
Φ12 iΨ12 iΨ11 iΨ10 iΨ9 Ψ12 Φ˙12 −Φ˙11 −Φ˙10 −Φ˙9
Φ1 Φ2 Φ3 Φ4
iΨ1 iΨ2 iΨ3 iΨ4
Φ5 Φ6 Φ7 Φ8
iΨ5 iΨ6 iΨ7 iΨ8
Φ9 Φ10 Φ11 Φ12
iΨ9 iΨ10 iΨ11 iΨ12
Figure 16: The mSG valise adinkra is composed of one cis-adinkra (upper left) and
two trans-adinkras (upper right and bottom). The mSG multiplet therefore has SUSY
isomer numbers nc = 1, nt = 2. This is the exact same valise adinkra as that of
the complex linear supermultiplet shown in Fig. 13. The engineering dimensions of all
bosons are the same and the engineering dimensions of all fermions are the same.
mSG. We identify the cis-adinkra submultiplet of mSG as the chiral compensator, σ,
as explained in Sec. 1. This is consistent with prior results [1, 2] that found the chiral
multiplet to be the cis-adinkra in valise form, with SUSY isomer numbers nc = 1,
nt = 0.
We can lower all fermionic nodes and the node that contains the trace of the
graviton h = h11 + h22 + h33, and swap a sign on S and iΨ2 = −ψ˙14 − ψ˙22 − ψ˙33
to arrive at the extended adinkra in Fig. 17. Notice the nodal field content is now
without derivatives. The nodal field definitions for the trans-valise adinkras on the
the other hand can not be chosen to be linear combinations of fields of the same
engineering dimensions.
Table 5 and the adinkra in Fig. 16 can be succinctly written as Eq. (2.11) with
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hS P A0
ψ11 + ψ23 − ψ32 ψ12 − ψ24 + ψ31 ψ13 − ψ21 − ψ34 ψ14 + ψ22 + ψ33
Figure 17: The chiral compensator submultiplet of mSG. It is the cis-valise adinkra
in Fig. 16 with all fermion nodes lowered and the graviton trace node lowered. Also,
the S node and ψ14 + ψ22 + ψ33 nodes have the opposite sign as in the cis-adinkra.
adinkra matrices
L1 = I3 ⊗ I4 , L2 = iI3 ⊗ β3 ,
L3 = i

 1 0 00 −1 0
0 0 −1

⊗ β2 , L4 = −iI3 ⊗ β1 . (3.24)
We have written the adinkra matrices (3.24) in their block diagonal form in terms of
the SO(4) generators, Eq. (2.22. The adinkra matrices (3.24) satisfy the orthogonal
relationship, Eq. (2.8), and the GR(12, 4) algebra, Eq. (2.9) with d = 12. We note
that the adinkra matrices for mSG, Eq. (3.24), are identical to those for the complex
linear supermultiplet, Eq. (2.42).
The chromocharacters, Eqs. (2.30), for mSG are once again easily calculated via
their block diagonal form as
ϕ
(1)
IJ =12 δIJ (3.25)
ϕ
(2)
IJKL =12(δIJδKL − δIKδJL + δILδJK)− 4 ǫIJKL , (3.26)
the same as for the complex linear supermultiplet, with SUSY isomer numbers nc =
1, nt = 2. The top left adinkra in the full valise of Fig. 16 is the cis-adinkra, and the top
right and bottom adinkras are the two trans-adinkras. As explained in Sec. 1, at the
level of representations, mSG is a chiral compensator superfield added to cSG. Since
we have already identified the cis-adinkra in Fig. 17 as the (4|4) chiral compensator,
we would be led to believe that the two trans-adinkras compose the (8|8) cSG. We
will indeed find this to be true in Sec. 5.
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4 4D, N = 1 Non-Minimal SG (n 6= −1/3, 0)
The linearized theory of 4D, N = 1 Poincare´ non-minimal supergravity ( 6mSG)
contains the real component fields of a scalar auxiliary field S˜, pseudoscalar auxiliary
field P˜ , axial vector auxiliary field A˜µ, Majorana gravitino ψµa, graviton hµν , vector
auxiliary field V˜µ, axial vector auxiliary field W˜µ, and Majorana auxiliary fermions
λ˜a and β˜a [21].
4.1 Transformation Laws
To proceed with adinkra analysis, we must write the transformation laws for
6mSG [21] in Majorana notation. These transformation laws depend on the parameter
n 6= −1/3, 0 and are given by
DaS˜ =
1
4N
([γµ, γν ])a
d∂µψνd − nN
4
β˜a + (γ
ν)a
d∂νλ˜d (4.1a)
DaP˜ = i
1
4N
(γ5[γµ, γν ])a
d∂µψνd − inN
4
(γ5)a
dβ˜d + i(γ
5γν)a
d∂νλ˜d (4.1b)
DaA˜µ = −i1
2
(γ5γν)a
d∂[νψµ]d +
1
4
ǫµ
ναβ(γν)a
d∂αψβd + i2N(γ
5)a
d∂µλ˜d (4.1c)
Dahµν =
1
2
(γ(µ)a
dψν)d (4.1d)
DaW˜µ = i
nN
4
(γ5γµ)a
dβ˜d − i2N
3
(γ5)a
d∂µλ˜d − i1
6
(γ5γν)a
d∂[µψν]d+
+i(γ5γνγµ)a
d∂ν λ˜d +
1
6
ǫ ναβµ (γβ)a
d∂νψαd (4.1e)
DaV˜µ = −nN
4
(γµ)a
dβ˜d + (γ
νγµ)a
d∂νλ˜d (4.1f)
Daψµc = −i2nN(γµ)acS˜ + 2nN(γ5γµ)acP˜ − 2(γ5)acA˜µ + 2
3
(γ5γνγµ)acA˜ν
−i1
2
([γα, γβ])ac∂αhβµ + 2nN(γ
5γνγµ)acW˜ν (4.1g)
Daλ˜c = −inN
2
CacS˜ +
nN
2
(γ5)acP˜ +
3n
2
(γ5γµ)acW˜µ + i
1
2
(γµ)acV˜µ (4.1h)
Daβ˜c = −i2(γµ)ac∂µS˜ + 2(γ5γµ)ac∂µP˜ − 3
N
(γ5[γµ, γν ])ac∂µW˜ν + i
2
nN
Cac∂
µV˜µ
+
4
3nN
(γ5)ac∂µA˜
µ + 2
nN + 1
nN
(γ5)ac∂
µW˜µ + i
1
nN
([γµ, γν ])ac∂µV˜ν (4.1i)
where
N =
3n+ 1
n
. (4.2)
These are an invariance of the same Lagrangian as was presented in Ref. [21] in
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the linearized limit
L 6mSG =− 1
2
∂αhµν∂
αhµν +
1
2
∂αh∂
αh− ∂αh∂βhαβ + ∂µhµν∂αhαν + 4
3
A˜µA˜
µ
+
4(3n+ 1)2
n
(S˜2 + P˜ 2)− 4(3n+ 1)
n
V˜µV˜
µ − 12(3n+ 1)W˜µW˜ µ
− 1
2
ψµaǫ
µναβ(γ5γν)
ab∂αψβb − i4(3n+ 1)
2
n
Ca bλ˜aβ˜b . (4.3)
The algebra closes on the auxiliary fields X˜ = (S˜, P˜ , A˜µ, V˜µ, W˜µ, λ˜a, β˜a) as
{Da,Db}X˜ = 2i(γµ)ab∂µX˜ (4.4)
and on the physical fields ψµa and hµν as
{Da,Db}hµν =2i(γα)ab∂αhµν − i(γα)ab∂(µhν)α
{Da,Db}ψµc =2i(γα)ab∂αψµc − i∂µϕabc − i∂µχabc (4.5)
where ϕabc is the same as for the minimal case, Eq. (3.6). The new term on the right
hand side of the gravitino algebra
χabc =
2(3n+ 1)
8n
(
8(γα)ab(γα)
d
c + [γ
α, γβ]ab[γα, γβ]
d
c
)
λ˜d (4.6)
is in terms of the new auxiliary fermion λa and is also a consequence of the gauge
symmetry Eq. (3.8) of the Lagrangian.
To facilitate finding the 6mSG adinkra, it will be advantageous to move to a basis in
the 4D, N = 1 theory where the transformation laws take a simpler form. Performing
the following field redefinitions
βa =
n
2
[γµ, γν ] da ∂µψνd −
(3n+ 1)2
2
β˜a + 2∂ν λ˜a , (4.7a)
λa = 4
3n+ 1
n
λ˜a , (4.7b)
S = 2(3n+ 1)S˜ , P = 2(3n+ 1)P˜ , (4.7c)
Wµ = 2(3n+ 1)W˜µ +
2
3
A˜µ , (4.7d)
Vµ = 2
3n+ 1
n
V˜µ , Aµ = −2A˜µ , (4.7e)
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the transformation laws become
DaS = βa (4.8a)
DaP = i(γ
5)a
dβd (4.8b)
DaAµ = i(γ
5γν)a
d∂[νψµ]d − 1
2
ǫµ
ναβ(γν)a
d∂αψβd − i(γ5)ad∂µλd (4.8c)
Dahµν =
1
2
(γ(µ)a
dψν)d (4.8d)
DaWµ = −i(γ5γµ)adβd + 1
2
ǫ ναβµ (γβ)a
d∂νψαd (4.8e)
DaVµ = n
−1(γµ)a
dβd − ∂µλa − (γν)ad∂[µψν]d + (γνγµ)ad∂νλd
−iǫ ναβµ (γ5γβ)ad∂νψαd (4.8f)
Daψµc = −i(γµ)acS + (γ5γµ)acP + (γ5)acAµ
−i1
2
([γα, γβ])ac∂αhβµ + (γ
5γνγµ)acWν (4.8g)
Daλc = −iNCacS +N(γ5)acP + 3(γ5γµ)acWµ+
+i(γµ)acVµ + (γ
5γµ)acAµ (4.8h)
Daβc = i(γ
µ)ac∂µS − (γ5γµ)ac∂µP − (γ5)ac∂µWµ
−inCac∂µVµ + iCac∂µ∂[νh νµ] . (4.8i)
The Lagrangian that is invariant with respect to these simplified transformation laws
is:
L 6mSG =− 1
2
∂αhµν∂
αhµν +
1
2
∂αh∂
αh− ∂αh∂βhαβ + ∂µhµν∂αhαν + 1
n
S2
+
1
n
P 2 − 2
3n+ 1
WµA
µ +
n
3n+ 1
AµA
µ − n
3n+ 1
VµV
µ
− 3
3n+ 1
WµW
µ − 1
2
ψµaǫ
µναβ(γ5γν)
ab∂αψβb + i
2
3n+ 1
λaβ
a
− i n
3n+ 1
λb(γ
µγν)bc∂[µψν]c − i n
3n + 1
λb(γ
ν)bc∂νλc . (4.9)
4.2 One-Dimensional Reduction
Once more we work in the temporal gauge (3.9) for the graviton and gravitino so
that the Lagrangian (4.9) reduced to the 0-brane becomes
34
L(0)6mSG =h˙212 + h˙213 + h˙223 − h˙11h˙22 − h˙11h˙33 − h˙22h˙33 +
1
n
S2 +
1
n
P 2
+
1
3n+ 1
(
2 (−W1A1 −W2A2 −W3A3 +W0A0)
+ n(A1A1 + A2A2 + A3A3 −A0A0)
− n(V1V1 + V2V2 + V3V3 − V0V0)
− 3(W1W1 +W2W2 +W3W3 −W0W0)
)
+ i
(
−ψ31ψ˙12 + ψ32ψ˙11 − ψ33ψ˙14 + ψ34ψ˙13 − ψ11ψ˙23 + ψ12ψ˙24
+ψ13ψ˙21 − ψ14ψ˙22 − ψ21ψ˙34 − ψ22ψ˙33 + ψ23ψ˙32 + ψ24ψ˙31
)
+ i
1
3n+ 1
(2(λ2β1 − λ1β2 − λ4β3 + λ3β4)− n(λ1 l˙1 + λ2 l˙2 + λ3 l˙3 + λ4 l˙4))
− i 2n
3n + 1
(
λ2ψ˙11 + λ1ψ˙12 + λ4ψ˙13 + λ3ψ˙14 − λ4ψ˙21 + λ3ψ˙22
+λ2ψ˙23 − λ1ψ˙24 + λ1ψ˙31 − λ2ψ˙32 + λ3ψ˙33 − λ4ψ˙34
)
. (4.10)
The 0-brane reduced transformation laws can be succinctly displayed as in Tabs. 6 and 7.
Table 6: 6mSG bosonic transformation laws in temporal gauge, Eq.(3.9), and reduced
to the 0-brane.
D1 D2 D3 D4
h11 ψ12 ψ11 ψ14 ψ13
h22 −ψ24 ψ23 ψ22 −ψ21
h33 ψ31 −ψ32 ψ33 −ψ34
V0 ψ˙24 − ψ˙31 − ψ˙12 −
β2
n
−ψ˙11 − ψ˙23 + ψ˙32 +
β1
n
−ψ˙14 − ψ˙22 − ψ˙33 +
β4
n
−ψ˙13 + ψ˙21 + ψ˙34 −
β3
n
V1 ψ˙12 − ψ˙24 + ψ˙31 +
β2
n
+ λ˙1 ψ˙32 − ψ˙11 − ψ˙23 +
β1
n
− λ˙2
β4
n
− λ˙3 − ψ˙14 − ψ˙22 − ψ˙33 ψ˙13 − ψ˙21 − ψ˙34 +
β3
n
+ λ˙4
h13
1
2
ψ11 +
1
2
ψ32 −
1
2
ψ12 +
1
2
ψ31
1
2
ψ13 +
1
2
ψ34 −
1
2
ψ14 +
1
2
ψ33
S β1 β2 β3 β4
W2
1
2
(
ψ˙32 − ψ˙11
)
− β1
1
2
(
ψ˙12 + ψ˙31
)
− β2
1
2
(
ψ˙34 − ψ˙13
)
+ β3
1
2
(
ψ˙14 + ψ˙33
)
+ β4
V3
β1
n
− λ˙2 − ψ˙11 − ψ˙23 + ψ˙32 ψ˙24 − ψ˙12 − ψ˙31 −
β2
n
− λ˙1
β3
n
+ λ˙4 + ψ˙13 − ψ˙21 − ψ˙34 ψ˙14 + ψ˙22 + ψ˙33 −
β4
n
+ λ˙3
A2 −
1
2
(
−ψ˙11 + 2ψ˙23 + ψ˙32
)
−
1
2
(
ψ˙12 + 2ψ˙24 + ψ˙31
)
−
1
2
(
−ψ˙13 − 2ψ˙21 + ψ˙34
)
−
1
2
(
ψ˙14 − 2ψ˙22 + ψ˙33
)
h12 −
1
2
ψ14 +
1
2
ψ22
1
2
ψ13 +
1
2
ψ21
1
2
ψ12 +
1
2
ψ24 −
1
2
ψ11 +
1
2
ψ23
P −β4 β3 −β2 β1
W3
1
2
(
−ψ˙14 − ψ˙22
)
− β4
1
2
(
ψ˙13 − ψ˙21
)
− β3
1
2
(
ψ˙12 − ψ˙24
)
− β2
1
2
(
−ψ˙11 − ψ˙23
)
− β1
V2 ψ˙14 + ψ˙22 + ψ˙33 −
β4
n
+ λ˙3 ψ˙13 − ψ˙21 − ψ˙34 +
β3
n
+ λ˙4 ψ˙12 − ψ˙24 + ψ˙31 +
β2
n
+ λ˙1 ψ˙11 + ψ˙23 − ψ˙32 −
β1
n
+ λ˙2
A3 −
1
2
(
−ψ˙14 − ψ˙22 + 2ψ˙33
)
−
1
2
(
ψ˙13 − ψ˙21 + 2ψ˙34
)
−
1
2
(
ψ˙12 − ψ˙24 − 2ψ˙31
)
−
1
2
(
−ψ˙11 − ψ˙23 − 2ψ˙32
)
h23
1
2
ψ21 −
1
2
ψ34 −
1
2
ψ22 +
1
2
ψ33
1
2
ψ23 +
1
2
ψ32 −
1
2
ψ24 −
1
2
ψ31
W0 −β3 −β4 β1 β2
W1
1
2
(
ψ˙21 + ψ˙34
)
+ β3
1
2
(
−ψ˙22 − ψ˙33
)
− β4
1
2
(
ψ˙23 − ψ˙32
)
+ β1
1
2
(
ψ˙31 − ψ˙24
)
− β2
A0 ψ˙13 − ψ˙21 − ψ˙34 + λ˙4 −ψ˙14 − ψ˙22 − ψ˙33 − λ˙3 ψ˙11 + ψ˙23 − ψ˙32 + λ˙2 −ψ˙12 + ψ˙24 − ψ˙31 − λ˙1
A1 −
1
2
(
2ψ˙13 + ψ˙21 + ψ˙34
)
−
1
2
(
2ψ˙14 − ψ˙22 − ψ˙33
)
−
1
2
(
−2ψ˙11 + ψ˙23 − ψ˙32
)
−
1
2
(
−2ψ˙12 − ψ˙24 + ψ˙31
)
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Table 7: 6mSG fermionic transformation laws in temporal gauge, Eq.(3.9), and reduced
to the 0-brane.
D1 D2 D3 D4
ψ11 ih˙13 − iS − iW2 ih˙11 iA1 − iW0 + iW1 −ih˙12 − iP − iW3
ψ23 −iA2 − iS − iW2 ih˙22 ih˙23 − iW0 + iW1 ih˙12 − iP − iW3
ψ32 ih˙13 + iS + iW2 −ih˙33 ih˙23 + iW0 − iW1 iA3 + iP + iW3
λ2 iA2 + iNS − iV3 + 3iW2 i (V0 − V1) iA0 − iA1 + 3iW0 − 3iW1 iA3 + iNP + iV2 + 3iW3
β1 iS˙ in
(
h¨+ V˙0
)
iW˙0 iP˙
ψ12 ih˙11 −ih˙13 + iS + iW2 ih˙12 − iP + iW3 iA1 + iW0 + iW1
ψ24 −ih˙22 −iA2 − iS − iW2 ih˙12 + iP − iW3 −ih˙23 − iW0 − iW1
ψ31 ih˙33 ih˙13 + iS + iW2 iA3 − iP + iW3 −ih˙23 + iW0 + iW1
λ1 i (V0 + V1) −iA2 − iNS − iV3 − 3iW2 −iA3 + iNP + iV2 − 3iW3 −iA0 − iA1 − 3iW0 − 3iW1
β2 −in
(
h¨+ V˙0
)
iS˙ −iP˙ iW˙0
ψ13 −iA1 − iW0 − iW1 ih˙12 + iP + iW3 ih˙13 + iS − iW2 ih˙11
ψ21 ih˙23 + iW0 + iW1 ih˙12 − iP − iW3 iA2 − iS + iW2 −ih˙22
ψ34 −ih˙23 + iW0 + iW1 −iA3 − iP − iW3 ih˙13 − iS + iW2 −ih˙33
λ4 iA0 + iA1 + 3iW0 + 3iW1 −iA3 − iNP + iV2 − 3iW3 iA2 − iNS + iV3 + 3iW2 i (V0 + V1)
β3 −iW˙0 iP˙ iS˙ −in
(
h¨ + V˙0
)
ψ14 −ih˙12 + iP − iW3 −iA1 + iW0 − iW1 ih˙11 −ih˙13 − iS + iW2
ψ22 ih˙12 + iP − iW3 −ih˙23 + iW0 − iW1 ih˙22 iA2 − iS + iW2
ψ33 −iA3 + iP − iW3 ih˙23 + iW0 − iW1 ih˙33 ih˙13 − iS + iW2
λ3 iA3 − iNP + iV2 + 3iW3 −iA0 + iA1 − 3iW0 + 3iW1 i (V0 − V1) −iA2 + iNS + iV3 − 3iW2
β4 −iP˙ −iW˙0 in
(
h¨+ V˙0
)
iS˙
Following the same iterative procedure depicted in Fig. 15 leads us again to one
unique cis-adinkra submultiplet, and a set of choices for trans-adinkra submultiplets,
the nodal content of which are
Φ =


W0
P
S
n
(
h˙ + V0
)

 , iΨ =


−β3
−β4
β1
−β2

 , cis: χ0 = 1 , (4.11)
Φ =


u1A1 + (u2 − u3)h˙23 + u4N
(
A0 + A1 − W0n − W1n
)− u5W1
u3A3 + (u1 − u2)h˙12 + u4N
(
A3 − W3n − V2
)− u5W3
u2A2 + (u3 − u1)h˙31 + u4N
(
A2 − W2n + V3
)− u5W2
−u1h˙11 − u2h˙22 − u3h˙33 + u4N (V0 + V1) + u5n(h˙ + V0)

 ,
iΨ =


−u1ψ˙13 + u2ψ˙21 + u3ψ˙34 + u4N λ˙4 − u5β3
−u1ψ˙14 − u2ψ˙22 − u3ψ˙33 + 2u4N
(
β4
n
− λ˙3
2
− ψ˙14 − ψ˙22 − ψ˙33
)
+ u5β4
−u1ψ˙11 − u2ψ˙23 + u3ψ˙32 + 2u4N
(
β1
n
− λ˙2
2
− ψ˙11 − ψ˙23 + ψ˙32
)
+ u5β1
−u1ψ˙12 + u2ψ˙24 − u3ψ˙31 + u4N λ˙1 − u5β2

 ,
trans: χ0 = −1 , u1 + u2 + u3 + u4 + u5 = 0 . (4.12)
Since there is one unique cis choice, we have nc = 1 for 6mSG as was the case for
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mSG. The trans choice, Eq. (4.12), has four independent parameters that lead to four
linearly independent nodal field definitions. We therefore have nt = 4 for 6mSG. In
summary, the SUSY isomer numbers for 6mSG are
nc = 1 , nt = 4 . (4.13)
To fill out the nodal field content of the (20|20) 6mSG multiplet, we must make
three more copies of the trans-submultiplet, Eq. (4.12), by creating three more sets
of parameters, vi, qi, and pi, that are constrained exactly as the ui are:
u1 + u2 + u3 + u4 + u5 = 0 (4.14a)
v1 + v2 + v3 + v4 + v5 = 0 (4.14b)
p1 + p2 + p3 + p4 + p5 = 0 (4.14c)
q1 + q2 + q3 + q4 + q5 = 0 . (4.14d)
The resulting field content for all nodes of the 6mSG adinkra with components num-
bered top to bottom, one through 20 is
Φ =


W0
P
S
n
(
h˙ + V0
)
u1A1 + (u2 − u3)h˙23 +
u4
N
(
A0 + A1 −
W0
n
−
W1
n
)
− u5W1
u3A3 + (u1 − u2)h˙12 +
u4
N
(
A3 −
W3
n
− V2
)
− u5W3
u2A2 + (u3 − u1)h˙31 +
u4
N
(
A2 −
W2
n
+ V3
)
− u5W2
−u1h˙11 − u2h˙22 − u3h˙33 +
u4
N
(V0 + V1) + u5n(h˙ + V0)
v1A1 + (v2 − v3)h˙23 +
v4
N
(
A0 +A1 −
W0
n
−
W1
n
)
− v5W1
v3A3 + (v1 − v2)h˙12 +
v4
N
(
A3 −
W3
n
− V2
)
− v5W3
v2A2 + (v3 − v1)h˙31 +
v4
N
(
A2 −
W2
n
+ V3
)
− v5W2
−v1h˙11 − v2h˙22 − v3h˙33 +
v4
N
(V0 + V1) + v5n(h˙ + V0)
q1A1 + (q2 − q3)h˙23 +
q4
N
(
A0 +A1 −
W0
n
−
W1
n
)
− q5W1
q3A3 + (q1 − q2)h˙12 +
q4
N
(
A3 −
W3
n
− V2
)
− q5W3
q2A2 + (q3 − q1)h˙31 +
q4
N
(
A2 −
W2
n
+ V3
)
− q5W2
−q1h˙11 − q2h˙22 − q3h˙33 +
q4
N
(V0 + V1) + q5n(h˙ + V0)
p1A1 + (p2 − p3)h˙23 +
p4
N
(
A0 + A1 −
W0
n
−
W1
n
)
− p5W1
p3A3 + (p1 − p2)h˙12 +
p4
N
(
A3 −
W3
n
− V2
)
− p5W3
p2A2 + (p3 − p1)h˙31 +
p4
N
(
A2 −
W2
n
+ V3
)
− p5W2
−p1h˙11 − p2h˙22 − p3h˙33 +
p4
N
(V0 + V1) + p5n(h˙ + V0)


, (4.15)
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iΨ =


−β3
−β4
β1
−β2
−u1ψ˙13 + u2ψ˙21 + u3ψ˙34 +
u4
N
λ˙4 − u5β3
−u1ψ˙14 − u2ψ˙22 − u3ψ˙33 + 2
u4
N
(
β4
n
−
λ˙3
2
− ψ˙14 − ψ˙22 − ψ˙33
)
+ u5β4
−u1ψ˙11 − u2ψ˙23 + u3ψ˙32 + 2
u4
N
(
β1
n
−
λ˙2
2
− ψ˙11 − ψ˙23 + ψ˙32
)
+ u5β1
−u1ψ˙12 + u2ψ˙24 − u3ψ˙31 +
u4
N
λ˙1 − u5β2
−v1ψ˙13 + v2ψ˙21 + v3ψ˙34 +
v4
N
λ˙4 − v5β3
−v1ψ˙14 − v2ψ˙22 − v3ψ˙33 + 2
v4
N
(
β4
n
−
λ˙3
2
− ψ˙14 − ψ˙22 − ψ˙33
)
+ v5β4
−v1ψ˙11 − v2ψ˙23 + v3ψ˙32 + 2
v4
N
(
β1
n
−
λ˙2
2
− ψ˙11 − ψ˙23 + ψ˙32
)
+ v5β1
−v1ψ˙12 + v2ψ˙24 − v3ψ˙31 +
v4
N
λ˙1 − v5β2
−q1ψ˙13 + q2ψ˙21 + q3ψ˙34 +
q4
N
λ˙4 − q5β3
−q1ψ˙14 − q2ψ˙22 − q3ψ˙33 + 2
q4
N
(
β4
n
−
λ˙3
2
− ψ˙14 − ψ˙22 − ψ˙33
)
+ q5β4
−q1ψ˙11 − q2ψ˙23 + q3ψ˙32 + 2
q4
N
(
β1
n
−
λ˙2
2
− ψ˙11 − ψ˙23 + ψ˙32
)
+ q5β1
−q1ψ˙12 + q2ψ˙24 − q3ψ˙31 +
q4
N
λ˙1 − q5β2
−p1ψ˙13 + p2ψ˙21 + p3ψ˙34 +
p4
N
λ˙4 − p5β3
−p1ψ˙14 − p2ψ˙22 − p3ψ˙33 + 2
p4
N
(
β4
n
−
λ˙3
2
− ψ˙14 − ψ˙22 − ψ˙33
)
+ p5β4
−p1ψ˙11 − p2ψ˙23 + p3ψ˙32 + 2
p4
N
(
β1
n
−
λ˙2
2
− ψ˙11 − ψ˙23 + ψ˙32
)
+ p5β1
−p1ψ˙12 + p2ψ˙24 − p3ψ˙31 +
p4
N
λ˙1 − p5β2


, (4.16)
where horizontal lines separate the five submultiplets. The node definitions in Eqs. (4.15)
and (4.16) collapse Tabs. 6 and 7 into the smaller Tab. 8 which is succinctly displayed
as the valise adinkra for 6mSG in Fig. 18. Comparing Fig. 18 to Fig. 2, we clearly
see that the valise adinkra for 6mSG is composed of nc = 1 cis-adinkra and nt = 4
trans-adinkras.
Table 8: Zero-brane reduced 6mSG transformation rules in the adinkraic representation
defined in Eqs. (4.15) and (4.16).
D1 D2 D3 D4 D1 D2 D3 D4
Φ1 iΨ1 iΨ2 iΨ3 −iΨ4 Ψ1 Φ˙1 −Φ˙2 −Φ˙3 Φ˙4
Φ2 iΨ2 −iΨ1 iΨ4 iΨ3 Ψ2 Φ˙2 Φ˙1 −Φ˙4 −Φ˙3
Φ3 iΨ3 −iΨ4 −iΨ1 −iΨ2 Ψ3 Φ˙3 Φ˙4 Φ˙1 Φ˙2
Φ4 iΨ4 iΨ3 −iΨ2 iΨ1 Ψ4 Φ˙4 −Φ˙3 Φ˙2 −Φ˙1
Φ5 iΨ5 iΨ6 −iΨ7 −iΨ8 Ψ5 Φ˙5 −Φ˙6 Φ˙7 Φ˙8
Φ6 iΨ6 −iΨ5 −iΨ8 iΨ7 Ψ6 Φ˙6 Φ˙5 Φ˙8 −Φ˙7
Φ7 iΨ7 −iΨ8 iΨ5 −iΨ6 Ψ7 Φ˙7 Φ˙8 −Φ˙5 Φ˙6
Φ8 iΨ8 iΨ7 iΨ6 iΨ5 Ψ8 Φ˙8 −Φ˙7 −Φ˙6 −Φ˙5
Φ9 iΨ9 iΨ10 −iΨ11 −iΨ12 Ψ9 Φ˙9 −Φ˙10 Φ˙11 Φ˙12
Φ10 iΨ10 −iΨ9 −iΨ12 iΨ11 Ψ10 Φ˙10 Φ˙9 Φ˙12 −Φ˙11
Φ11 iΨ11 −iΨ12 iΨ9 −iΨ10 Ψ11 Φ˙11 Φ˙12 −Φ˙9 Φ˙10
Φ12 iΨ12 iΨ11 iΨ10 iΨ9 Ψ12 Φ˙12 −Φ˙11 −Φ˙10 −Φ˙9
Φ13 iΨ13 iΨ14 −iΨ15 −iΨ16 Ψ13 Φ˙13 −Φ˙14 Φ˙15 Φ˙16
Φ14 iΨ14 −iΨ13 −iΨ16 iΨ15 Ψ14 Φ˙14 Φ˙13 Φ˙16 −Φ˙15
Φ15 iΨ15 −iΨ16 iΨ13 −iΨ14 Ψ15 Φ˙15 Φ˙16 −Φ˙13 Φ˙14
Φ16 iΨ16 iΨ15 iΨ14 iΨ13 Ψ16 Φ˙16 −Φ˙15 −Φ˙14 −Φ˙13
Φ17 iΨ17 iΨ18 −iΨ19 −iΨ20 Ψ17 Φ˙17 −Φ˙18 Φ˙19 Φ˙20
Φ18 iΨ18 −iΨ17 −iΨ20 iΨ19 Ψ18 Φ˙18 Φ˙17 Φ˙20 −Φ˙19
Φ19 iΨ19 −iΨ20 iΨ17 −iΨ18 Ψ19 Φ˙19 Φ˙20 −Φ˙17 Φ˙18
Φ20 iΨ20 iΨ19 iΨ18 iΨ17 Ψ20 Φ˙20 −Φ˙19 −Φ˙18 −Φ˙17
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Φ1 Φ2 Φ3 Φ4
iΨ1 iΨ2 iΨ3 iΨ4
Φ5 Φ6 Φ7 Φ8
iΨ5 iΨ6 iΨ7 iΨ8
Φ9 Φ10 Φ11 Φ12
iΨ9 iΨ10 iΨ11 iΨ12
Φ13 Φ14 Φ15 Φ16
iΨ13 iΨ14 iΨ15 iΨ16
Φ17 Φ18 Φ19 Φ20
iΨ17 iΨ18 iΨ19 iΨ20
Figure 18: The 6mSG valise adinkra. It is composed of one cis-adinkra and four trans-
adinkras so therefore has the SUSY isomer numbers nc = 1, nt = 4. All bosons have
the same engineering dimension and all fermions have the same engineering dimension.
Eliminating the fifth parameter from each of the four submultiplets via the constraint
Eq. (4.14), the other four parameters form vectors in a parameters space
~u = (u1, u2, u3, u4) , ~v = (v1, v2, v3, v4) ,
~p = (p1, p2, p3, p4) , ~q = (q1, q2, q3, q4) , (4.17)
where we must choose ~u, ~v, ~p, and ~q to be linearly independent. This is, as before,
so that each trans-submultiplet has unique nodal field content.
As discussed in Sec. 1, 6mSG is composed of cSG plus a complex linear compen-
sating superfield, Σ. We will now show how a certain solution in our parameter space
exposes the cSG valise adinkra as a submultiplet of the 6mSG valise adinkra; a feature
that was automatically realized for mSG in Sec. 3.
Consider the choice:
u4 = u5 = v4 = v5 = 0 ⇒ u1 + u2 + u3 = v1 + v2 + v3 = 1 , (4.18)
q1 = q2 = q3 = −q4
N
= 1 ⇒ q5 = n−1 , (4.19)
p1 = p2 = p3 = 1 , p4 = 0 ⇒ p5 = −3 , (4.20)
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that reduces the nodal field content from Eqs. (4.15) and (4.16) to
Φ =


W0
P
S
n
(
h˙ + V0
)
u1A1 + (u2 − u3)h˙23
u3A3 + (u1 − u2)h˙12
u2A2 + (u3 − u1)h˙31
−u1h˙11 − u2h˙22 − u3h˙33
v1A1 + (v2 − v3)h˙23
v3A3 + (v1 − v2)h˙12
v2A2 + (v3 − v1)h˙31
−v1h˙11 − v2h˙22 − v3h˙33
W0
n
− A0
V2
−V3
−V1
A1 + 3W1
A3 + 3W3
A2 + 3W2
−(3n + 1)h˙ − 3nV0


, iΨ =


−β3
−β4
β1
−β2
−u1ψ˙13 + u2ψ˙21 + u3ψ˙34
−u1ψ˙14 − u2ψ˙22 − u3ψ˙33
−u1ψ˙11 − u2ψ˙23 + u3ψ˙32
−u1ψ˙12 + u2ψ˙24 − u3ψ˙31
−v1ψ˙13 + v2ψ˙21 + v3ψ˙34
−v1ψ˙14 − v2ψ˙22 − v3ψ˙33
−v1ψ˙11 − v2ψ˙23 + v3ψ˙32
−v1ψ˙12 + v2ψ˙24 − v3ψ˙31
−
β3
n
− λ˙4 − ψ˙13 + ψ˙21 + ψ˙34
−
β4
n
+ λ˙3 + ψ˙14 + ψ˙22 + ψ˙33
−
β1
n
+ λ˙2 + ψ˙11 + ψ˙23 − ψ˙32
−
β2
n
− λ˙1 − ψ˙12 + ψ˙24 − ψ˙31
3β3 − ψ˙13 + ψ˙21 + ψ˙34
−3β4 − ψ˙14 − ψ˙22 − ψ˙33
−3β1 − ψ˙11 − ψ˙23 + ψ˙32
3β2 − ψ˙12 + ψ˙24 − ψ˙31


. (4.21)
Under the parameter choice, Eq. (4.18), the submultiplet
(Φ5,Φ6,Φ7,Φ8,Φ9,Φ10,Φ11,Φ12|Ψ5,Ψ6,Ψ7,Ψ8,Ψ9,Ψ10,Ψ11,Ψ12) (4.22)
is identical for 6mSG and mSG. We shall identify this submultiplet with that of cSG in
Sec. 5. The (12|12) submultiplet parameterized by the other nodes of 6mSG compose
an nc = 1, nt = 2 system, and we identify this as the complex linear compensator,
per our discussion in Sec. 1. This is evidenced in that this submultiplet is spanned
by one cis- and two trans-valise adinkras, the upper left and bottom rightmost two
adinkras, respectively, in Fig. 18. Indeed, the (12|12) complex linear superfield was
found in Ref. [2] to have the SUSY isomer numbers nc = 1, nt = 2.
Table 8 and the adinkra shown in Fig. 18 can be written as Eq. (2.11) with 20×20
adinkra matrices, written in terms of the SO(4) generators in Eq. (2.22), given by
L1 = I5 ⊗ I4 , L2 = iI5 ⊗ β3 ,
L3 = i


1 0 0 0 0
0 −1 0 0 0
0 0 −1 0 0
0 0 0 −1 0
0 0 0 0 −1


⊗ β2 , L4 = −iI5 ⊗ β1 .
(4.23)
The 6mSG adinkra matrices satisfy the orthogonal relationship, Eq. (2.8) and the
GR(20, 4) garden algebra, Eq. (2.9) with d = 20. The 6mSG chromocharacters,
40
Eqs. (2.30), are
ϕ
(1)
IJ =20 δIJ
ϕ
(2)
IJKL =20(δIJδKL − δIKδJL + δILδJK)− 12 ǫIJKL
(4.24)
and so comparing with Eqs. (2.30) we see once again that 6mSG has the SUSY isomer
numbers nc = 1, nt = 4.
5 4D, N = 1 Conformal Supergravity
The linearized theory of 4D, N = 1 conformal supergravity (cSG) contains
the real component fields of an axial vector gauge field Aµ, Majorana gravitino ψµa,
and graviton hµν . We will see in this Section that the adinkras for cSG are indeed
submultiplets of both the mSG and 6mSG adinkras, with isomer numbers nc = 0,
nt = 2.
5.1 Transformation Laws
The transformation Laws for cSG are easily found by removing the fields S and
P from the mSG laws, Eq. (4.8).
DaAµ =i(γ
5γν) ba ∂[νψµ]b −
1
2
ǫ ναβµ (γν)
b
a ∂αψβb (5.1a)
Dahµν =
1
2
(γ(µ)
b
|a|ψν)b (5.1b)
Daψµb =
2
3
(γ5)abAµ +
1
6
(γ5[γµ, γ
ν ])abAν − i
2
([γα, γβ])ab∂αhβµ (5.1c)
These are a symmetry of the cSG Lagrangian
LcSG =1
2
hµν2hµν − hµν∂ν∂αhαµ +
1
3
hµν∂α∂β∂µ∂νh
αβ − 1
6
h2h+
+
1
3
h∂µ∂νh
µν − 1
6
FµνF
µν − i1
3
ψνb∂µ∂
ν∂β(γµ)bcψβc+
+ i
1
3
ψνb(γ
µ)bc∂µψ
ν
c −
1
6
ǫνβσµ(γ5γσ)
bcψνb∂µψβc (5.2)
where the canonical U(1) field strength is
Fµν = ∂µAν − ∂νAµ . (5.3)
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With a bit of work, it can be shown that the graviton part of the cSG Lagrangian is
the square of the Weyl tensor
CαµβνC
αµβν =
(
Rαµβν − 1
2
(gα[βRν]µ − ηµ[βRν]α) + 1
6
Rgα[βgν]µ
)
×
(
Rαµβν − 1
2
(gα[βRν]µ − ηµ[βRν]α) + 1
6
Rgα[βgν]µ
)
=RµναβR
µναβ − 2RµνRµν + 1
3
R2
=
1
2
hµν2hµν − hµν∂ν∂αhαµ +
1
3
hµν∂α∂β∂µ∂νh
αβ+
− 1
6
h2h+
1
3
h∂µ∂νh
µν (5.4)
in the linear limit gµν = ηµν + hµν where indices are raised and lowered with the
Minkowski metric ηµν . This is just as is expected for conformal gravity. The following
linear expansions are useful in the preceding calculation
Rαµβν =
1
2
(∂µ∂[νhβ]α − ∂α∂[νhβ]µ) (5.5a)
Rµν =
1
2
hµν +
1
2
∂µ∂νh− 1
2
∂α∂(νh
α
µ) (5.5b)
R =h− ∂µ∂νhµν . (5.5c)
The cSG Lagrangian possesses the linear limit conformal symmetries
δhµν =Bηµν + ∂µΛν + ∂νΛµ
δAµ =∂µρ
δψµa =∂µǫa + (γµ)
b
a σb . (5.6)
The cSG transformation laws satisfy the algebra
{Da,Db}hµν =2i(γα)ab∂αhµν − i(γα)ab∂(µhν)α
{Da,Db}Aµ =2i(γν)ab∂νAµ
{Da,Db}ψµc =2i(γα)ab∂αψµc − i∂µϕabc − i(γµ) dc σabd (5.7)
where ϕabc is as before in both the minimal and non-minimal representations, Eq. (3.6),
and another piece has arisen on the right hand side of the gravitino algebra
σabd =
1
3
(
(γ[α)ab(γ
β]) ed + iǫ
νραβ(γν)ab(γ
5γρ)
e
d
)
∂αψβe . (5.8)
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The term involving σabd is proportional to (γµ)c
d and so is a consequence of the related
symmetry of the cSG Lagrangian depicted in the last line of Eq. (5.6). The auxiliary
fields in both the minimal and non-minimal cases, serve to remove this term, which
necessarily reduces the full conformal symmetry group to Poincare´.
5.2 One-Dimensional Reduction
We use temporal gauge, Eq. (3.9), as before for hµν and ψµa, but now also for the
axial U(1) vector
A0 =0 . (5.9)
In this gauge, the Lagrangian (5.2) reduced to the 0 brane becomes
L(0)cSG =
1
2
3∑
i=1
3∑
j=1
h¨ij h¨ij − 1
6
h¨2 − 1
3
3∑
i=1
A˙iA˙i +
i
3
3∑
i=1
4∑
b=1
ψ˙ibψ¨ib+
− i
3
(
ψ˙11ψ¨23 − ψ˙13ψ¨21 − ψ˙12ψ¨24 + ψ˙14ψ¨22
)
+
− i
3
(
ψ˙31ψ¨12 − ψ˙32ψ¨11 + ψ˙33ψ¨14 − ψ˙34ψ¨13
)
+
− i
3
(
ψ˙21ψ¨34 − ψ˙24ψ¨31 + ψ˙22ψ¨33 − ψ˙23ψ¨32
)
. (5.10)
Its symmetries, Eqs. (5.6), become
δhij =Bδij , δAi = 0 , i, j = 1, 2, 3,
δψ11 =σ2 , δψ12 = σ1 , δψ13 = σ4 , δψ14 = σ3 ,
δψ21 =− σ4 , δψ22 = σ3 , δψ23 = σ2 , δψ24 = −σ1 ,
δψ31 =σ1 , δψ32 = −σ2 , δψ33 = σ3 , δψ34 = −σ4 , (5.11)
with the constraints
B =2Λ˙0 , Λi = constant , ρ = constant
ǫ˙1 =− σ2 , ǫ˙2 = σ1 , ǫ˙3 = σ4 , ǫ˙4 = −σ3 , (5.12)
that serve to maintain temporal gauge, Eqs. (3.9) and (5.9).
The adinkranization proceeds precisely as in Sec. 3, but now we set the compen-
sator terms to zero, S = P = 0, and choose temporal gauge A0 = 0. The cis-adinkra
choice, Eq. (3.19), is then removed in reducing the mSG transformation laws to the
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cSG transformation laws. The node definitions for cSG are then the two trans-adinkra
sets from mSG but here with components numbered top to bottom one through eight:
Φ =


u1A1 + (u2 − u3)h˙23
u3A3 + (u1 − u2)h˙12
u2A2 + (u3 − u1)h˙31
−u1h˙11 − u2h˙22 − u3h˙33
v1A1 + (v2 − v3)h˙23
v3A3 + (v1 − v2)h˙12
v2A2 + (v3 − v1)h˙31
−v1h˙11 − v2h˙22 − v3h˙33

 , iΨ =


−u1ψ˙13 + u2ψ˙21 + u3ψ˙34
−u1ψ˙14 − u2ψ˙22 − u3ψ˙33
−u1ψ˙11 − u2ψ˙23 + u3ψ˙32
−u1ψ˙12 + u2ψ˙24 − u3ψ˙31
−v1ψ˙13 + v2ψ˙21 + v3ψ˙34
−v1ψ˙14 − v2ψ˙22 − v3ψ˙33
−v1ψ˙11 − v2ψ˙23 + v3ψ˙32
−v1ψ˙12 + v2ψ˙24 − v3ψ˙31

 (5.13)
where again horizontal lines separate the nodes of the different adinkra pieces. The
node definitions (5.13) have the 0-brane reduced cSG transformation laws shown in
Tab. 9 and encoded succinctly in the valise adinkra for cSG in Fig. 19.
Table 9: Zero-brane reduced cSG transformation rules in the adinkraic representation
in Eqs. (5.13).
D1 D2 D3 D4 D1 D2 D3 D4
Φ1 iΨ1 iΨ2 −iΨ3 −iΨ4 Ψ1 Φ˙1 −Φ˙2 Φ˙3 Φ˙4
Φ2 iΨ2 −iΨ1 −iΨ4 iΨ3 Ψ2 Φ˙2 Φ˙1 Φ˙4 −Φ˙3
Φ3 iΨ3 −iΨ4 iΨ1 −iΨ2 Ψ3 Φ˙3 Φ˙4 −Φ˙1 Φ˙2
Φ4 iΨ4 iΨ3 iΨ2 iΨ1 Ψ4 Φ˙4 −Φ˙3 −Φ˙2 −Φ˙1
Φ5 iΨ5 iΨ6 −iΨ7 −iΨ8 Ψ5 Φ˙5 −Φ˙6 Φ˙7 Φ˙8
Φ6 iΨ6 −iΨ5 −iΨ8 iΨ7 Ψ6 Φ˙6 Φ˙5 Φ˙8 −Φ˙7
Φ7 iΨ7 −iΨ8 iΨ5 −iΨ6 Ψ7 Φ˙7 Φ˙8 −Φ˙5 Φ˙6
Φ8 iΨ8 iΨ7 iΨ6 iΨ5 Ψ8 Φ˙8 −Φ˙7 −Φ˙6 −Φ˙5
Φ1 Φ2 Φ3 Φ4
iΨ1 iΨ2 iΨ3 iΨ4
Φ5 Φ6 Φ7 Φ8
iΨ5 iΨ6 iΨ7 iΨ8
Figure 19: The cSG valise adinkra. It has the exact same nodal content as the two
mSG trans-adinkra pieces in Fig. 16 and two of the four 6mSG trans-adinkra pieces
in Fig. 18 under the parameter choice (4.18). The cSG SUSY isomer numbers are
therefore nc = 0, nt = 2. The engineering dimensions of all bosons are the same and
the engineering dimensions of all fermions are the same.
We conclude that cSG has SUSY isomer numbers
nc = 0 , nt = 2 . (5.14)
The parameters in Eqs. (5.13) are constrained as in Eq. (3.23). These node definitions
have all the 0-brane symmetries of the cSG Lagrangian, Eq. (5.11). Note that the
nodes in the cSG valise adinkra are precisely the submultiplet, (4.22), that showed
up in the mSG and the 6mSG under the parameter choice Eq. (4.18). From the node
definitions in Eqs. (5.13), it would appear at first glance that there are more degrees of
freedom in the original fields than the number of nodes. This is not the case precisely
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because the nodes are invariant with respect to the 0-brane symmetries, Eq. (5.11).
These residual symmetries remove one more degree of freedom from the graviton,
leaving it with a total of five, and four more from the gravitino, leaving it with eight.
Adding the three degrees of freedom from the completely gauge fixed Ai field brings
the degrees of freedom to (8|8) once all gauge degrees of freedom encoded in Eq. (5.6)
have been removed.
The cSG adinkra matrices can be read off either Tab. 9 or Fig. 19
L1 = I2 ⊗ I4 , L2 = iI2 ⊗ β3 ,
L3 = −iI2 ⊗ β2 , L4 = −iI2 ⊗ β1 .
(5.15)
These satisfy the orthogonality relationship, Eq. (2.8), and the GR(8, 4) algebra,
Eq. (2.9) with d = 8. The chromocharacters, Eqs. (2.30), for cSG are
ϕ
(1)
IJ =8 δIJ
ϕ
(2)
IJKL =8(δIJδKL − δIKδJL + δILδJK)− 8 ǫIJKL .
(5.16)
Comparing with our chromocharacter formulas in Eqs. (2.30), once again we see that
the cSG SUSY isomer numbers are nc = 0, nt = 2.
5.3 The View From The Conformal Perspective
We saw in Sec. 4.2 that lines five through 12 of the bosons and fermions in both
the mSG nodes (3.22) and the 6mSG nodes (4.21) all correspond to the same structure.
Let us rename these structures according to the definitions
H(V )iΦ =


u1A1 + (u2 − u3)h˙23
u3A3 + (u1 − u2)h˙12
u2A2 + (u3 − u1)h˙31
−u1h˙11 − u2h˙22 − u3h˙33
v1A1 + (v2 − v3)h˙23
v3A3 + (v1 − v2)h˙12
v2A2 + (v3 − v1)h˙31
−v1h˙11 − v2h˙22 − v3h˙33

 , iH(V )jˆΨ =


−u1ψ˙13 + u2ψ˙21 + u3ψ˙34
−u1ψ˙14 − u2ψ˙22 − u3ψ˙33
−u1ψ˙11 − u2ψ˙23 + u3ψ˙32
−u1ψ˙12 + u2ψ˙24 − u3ψ˙31
−v1ψ˙13 + v2ψ˙21 + v3ψ˙34
−v1ψ˙14 − v2ψ˙22 − v3ψ˙33
−v1ψ˙11 − v2ψ˙23 + v3ψ˙32
−v1ψ˙12 + v2ψ˙24 − v3ψ˙31

 (5.17)
that are still subject to the constraint Eq. (3.23) and re-express the supersymmetrical
D-algebra in the form of two equations
DIH(V )iΦ = i(LI)ijˆH(V )jˆ Ψ , DIH
(V )
jˆΨ
= (RI)jˆi
d
dt
H(V )iΦ (5.18)
where the L-matrices and corresponding R-matrices are defined by Eq. (5.15). This
particular valise describes 4D, N = 1 conformal supergravity. The fact that it univer-
sally occurs in each of the supergravity formulation is equivalent to two well known
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facts in other approaches:
a. In the superspace approach of [21] there was presented a description of super-
gravity in terms of unconstrained ‘prepotential’ superfields. One of the features
of the construction was to show that in fact, all off-shell versions of SG theory
when written in terms of unconstrained superfields can be split into a ‘conformal
prepotential superfield’ and a ‘conformal compensator superfield.’ Although the
former is unique, the latter was shown not to be. This possibility of different
choices for the conformal compensator accounts for the different auxiliary field
structures that can occur in off-shell descriptions. This work was also the first
to show that even in the confines of a Poincare´ theory, there is an important
role for the symmetries of a conformal theory.
b. In the conformal component-level approach of [26] which began after the work
of Ref. [21], once more one sees that there is a sub-multiplet in all off-shell
supergravity theories that consists solely of the fields required to describe con-
formal supergravity. In this approach the component fields that appear over
and above these arise (as they do in the superfield approach) as the result of
the breaking of conformal symmetry.
The task of understanding how the spacetime superconformal group is embedded
with the approach of an adinkra-based formulation is an important task to be carried
out in future research along these lines.
6 Synthesis
In this section we synthesize the main results of the paper into a cohesive
framework, including relations to the previous two Refs. [1, 2]. Consider the super-
character [27]
χρ(t, a, b) = Trρ
[
(−1)F t2∆eiaM01eibM23] . (6.1)
Here F is the fermion number, M01 and M23 are Lorentz generators, and ∆ computes
the engineering dimension of the field in the representation ρ normalized so that a
physical spinor has dimension ∆ = 3
2
. In all cases of interest to us, ∆ is an integer iff
F = 0 so that we may combine the first two factors to give
χρ(t, a, b) = Trρ
[
(−t)2∆eiaM01eibM23] . (6.2)
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If we are uninterested in the dimension of the fields in the representation ρ and if,
furthermore, we forget about the grading by fermion number, we may set t = −1 and
study the resulting Spin(3, 1) character instead. This quantity is related by Wick
rotation to the chromocharacters, Eq. (2.30).11 That is, we consider instead of χ, a
“twisted” version χ˜ on Spin(4)R
χ˜ρ =Trρ
[
(−t)2∆eiaM12eibM34] (6.3)
(MIJ)i
j =
i
4
[
(LI)i
kˆ(RJ)kˆ
j − (LJ)ikˆ(RI)kˆj
]
. (6.4)
Notice that in our definition of ‘twisted,’ the usual Lorentz generators are replaced by
the matrices defined in Eq. (6.4) that are not Lorentz generators, but we will use them
as if they are. Then, for example, any garden algebra satisfying the orthogonality
relation (2.8) and the chromocharacter formulas (2.30) will have
∂
∂a
∂
∂b
χ˜
∣∣∣∣
a,b=0
= 4(nc − nt)
(
∂
∂a
)2
χ˜
∣∣∣∣∣
a,b=0
=
(
∂
∂b
)2
χ˜
∣∣∣∣∣
a,b=0
= −4(nc + nt) (6.5)
and we recover the isomer numbers. In this way, “adinkranization” may be thought
of as an algorithm for computing the characters of the (Wick-rotated) super-Poincare´
group.
More explicitly, the calculation of the twisted character for the chiral (cis), real-
linear (trans), real-unconstrained (R), complex-unconstrained (C),12 cSG, mSG and
complex linear superfield (Σ), and 6mSG are
χ˜cis(a, b) = 4 cos
(a
2
)
cos
(
b
2
)
+ 4 sin
(a
2
)
sin
(
b
2
)
(6.6a)
χ˜trans(a, b) = 4 cos
(a
2
)
cos
(
b
2
)
− 4 sin
(a
2
)
sin
(
b
2
)
(6.6b)
χ˜R(a, b) = 8 cos
(a
2
)
cos
(
b
2
)
(6.6c)
χ˜C(a, b) = 16 cos
(a
2
)
cos
(
b
2
)
(6.6d)
11An advantage of this compactification is that the representations are replaced with finite-
dimensional analogues which possess no gauge freedom.
12The complex unconstrained adinkras were not explicitly reported in [2], however this is clearly
just two copies of the real unconstrained superfield. The adinkra matrices are therefore two block
diagonal copies and all traces would simply double.
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χ˜cSG(a, b) = 8 cos
(a
2
)
cos
(
b
2
)
− 8 sin
(a
2
)
sin
(
b
2
)
(6.6e)
χ˜mSG(a, b) = χ˜Σ(a, b) = 12 cos
(a
2
)
cos
(
b
2
)
− 4 sin
(a
2
)
sin
(
b
2
)
(6.6f)
χ˜6mSG(a, b) = 20 cos
(a
2
)
cos
(
b
2
)
− 12 sin
(a
2
)
sin
(
b
2
)
. (6.6g)
In fact, these representations all fit into the formula:
χ˜(a, b) =4(nc + nt) cos
(a
2
)
cos
(
b
2
)
+ 4(nc − nt) sin
(a
2
)
sin
(
b
2
)
. (6.7)
By taking partial derivatives, we clearly find the correct (nc, nt) numbers. By way of
comparison, the characters for the 2-component (anti-)Weyl, the analogue of the (cis-)
trans-representation, and 4-component Dirac spinor representations of Spin(3, 1) are
χWeyl(a, b) = 2 cosh
(a
2
)
cos
(
b
2
)
+ 2i sinh
(a
2
)
sin
(
b
2
)
(6.8a)
χWeyl(a, b) = 2 cosh
(a
2
)
cos
(
b
2
)
− 2i sinh
(a
2
)
sin
(
b
2
)
(6.8b)
χDirac(a, b) = 4 cosh
(a
2
)
cos
(
b
2
)
. (6.8c)
Noting from Ref. [1] that the chiral multiplet is in the cis-representation, we see
that the characters (6.6) obey the superfield equation
complex unconstrained = chiral + complex linear. (6.9)
Similarly, we comment that the results for the gauge-fixed vector multiplet and tensor
multiplet given in the literature are consistent with their identification as real-linear
multiplets. For example, the characters (6.6) obey the superfield equation
gauge-fixed vector multiplet = real unconstrained − (chiral + chiral)
= real-linear
= tensor multiplet. (6.10)
It is important to note that in this equation
(
chiral + chiral
)
is the real part of the
chiral superfield, which can be identified with one cis-representation, Eq. (6.6a), as
these are all real representations.
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We represent all of this in Tab. 10.
Table 10: Twisted characters of composite superfields are the sum of the twisted char-
acters of their base superfields.
χral (4|4) R-lin. (4|4) R (8|8) C-lin. (12|12) C (16|16)
nc + nt 1 1 2 3 4
nc − nt 1 −1 0 −1 0
The super-dimensions of these representations are indicated as (db|df).
Just as there are two inequivalent (4|4)-dimensional representations (chiral and
real-linear), there is a second (8|8)-dimensional one: conformal supergravity. Together
with the equations
minimal SG = conformal SG + chiral compensator
non-minimal SG = conformal SG + complex-linear compensator (6.11)
we obtain Tab. 11.
Table 11: The twisted characters for the compensator of a SUGRA representation can
be recovered by subtracting off the base cSG twisted characters.
cSG (8|8) mSG (12|12) 6mSG (20|20)
nc + nt 2 3 5
nc − nt −2 −1 −3
This completes the list of all known off-shell 4D, N = 1 representations whose
adinkras have been been reported to date [1, 2].
7 Conclusion
In this paper, the SUSY isomer numbers and adinkras for mSG, 6mSG, and cSG
were explicitly derived. It was found that these numbers compose the characters
of the Spin(4)R that remains after reduction to the 0-brane, and that adinkras are
graphical depictions of these characters. The base multiplet for supergravity is cSG,
with SUSY isomer numbers (nc, nt) = (0, 2). The mSG multiplet is cSG plus a chiral
compensator superfield with SUSY isomer numbers (nc, nt) = (1, 0). We indeed found
the isomer numbers for mSG to be the sum of the isomer numbers for cSG and the
chiral superfield: (nc, nt) = (0, 2) + (1, 0) = (1, 2). The same additive character
behavior holds true for 6mSG, which is cSG added to a complex linear compensator
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superfield, and all other multiplets investigated so far [1, 2]. This additive behavior
was easily seen in the graphical adinkra depictions of these multiplets.
We also unveiled a simple procedure for finding SUSY isomer numbers. This
utilizes the cis- and trans-valise adinkra pictures and the 0-brane transformation laws
for the multiplet whose isomer numbers are sought. The procedure is to force the
0-brane transformation laws to fit into either the cis- or trans-valise adinkra, leading
to constraints on the possible linear combinations of the fields in the multiplet that
define the nodes in the irreducible adinkras. Interestingly, the SUSY isomer numbers
for all representations studied to date 13 fall within the four cases shown in Tab. 12,
where k = nc + nt = d/4 is the total number of adinkras in a representation with
d bosons and d fermions. Table 12 is the evidence for a selection rule that any
Table 12: The four isomer number cases for 4D, N = 1 off-shell SUSY that have been
found to date. The number of adinkras is k = d/4 for representations with d bosons
and d fermions.
case I II III IV
nc 0 1 k k − 1
nt k k − 1 0 1
adinkras with SUSY isomer numbers other than these cannot extend to a 4D, N = 1
representation. It will be interesting to see if this selection rule holds as we continue
our investigation of all 4D, N = 1 off-shell representations. Selection rules such as
these are what we look for in our quest to study off-shell representation theory with
adinkras, with the ultimate goal being to use such selection rules to find new off-shell
representations.
From the results of this paper, we see that cSG satisfies case I and mSG and
6mSG both satisfy case II. The three irreducible 4D, N = 1 off-shell cases each have
k = 1 and so satisfy two cases simultaneously. These are the chiral (II = III), vector
(I = IV), and tensor (I = IV) multiplets. The 4D, N = 1 off-shell cases investigated
in Ref. [2], the real scalar superfield and complex linear superfield, both satisfy case
II, though the real scalar superfield simultaneously satisfies case IV since k = 2. For
k > 2, cases I, II, III, and IV are all distinct and it will be interesting to see the
pattern that emerges as we investigate higher superhelicity systems with larger k.
Ongoing work that will be part of a future publication has already produced case I
for the k = 3 νSG and case IV for the k = 5, 4D, N = 1 gravitino-matter multiplet.
The gravitino-matter multiplet is therefore the only known k > 2 instance of either
13In this discussion, we do not consider the complex unconstrained superfield as it is exactly the
sum of a chiral and complex linear superfield.
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cases III or IV for which the larger number is the cis number. The roles of cis and
trans between the gravitino-matter multiplet and all other known k > 2 multiplets
are reversed!
Moving forward, we plan to continue to investigate adinkranization of higher su-
perhelicity off-shell systems and systems with extended supersymmetry. If the selec-
tion rule evident from Tab. 12 holds for increasing k, one of the isomer numbers will
remain at zero or one and the other will increase. Now the questions seem to be, is
it the cis or the trans number that will increase for these higher d systems, what is
the pattern, and what new information is encoded by these characters?
“Our nation must come together to unite.” - George W. Bush
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A Definitions and Conventions
We will use the real representation of the γ matrices as in Refs. [1, 2]
(γ0) ba =


0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0

 , (γ1) ba =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0


(γ2) ba =


0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

 , (γ3) ba =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 (A.1)
(γ5) ba ≡i(γ0γ1γ2γ3) ba =


0 0 0 i
0 0 −i 0
0 i 0 0
−i 0 0 0

 . (A.2)
We also use the following conventions for the totally antisymmetric Levi-Civita tensor
and the SO(1, 3) generators for spinors
ǫ0123 =− ǫ0123 = 1 and totally anti-symmetric,
σµν ≡ i
2
(γµγν − γνγµ) . (A.3)
Einstein summation convention is assumed throughout, for example
AµAµ ≡
3∑
µ=0
AµAµ = A
0A0 + A
1A1 + A
2A2 + A
3A3 . (A.4)
All lower case Greek indices µ, ν, α, β, . . . are space-time indices and are raised and
lowered with the Minkowski metric
ηµν = ηνµ


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , ηµν = ηνµ =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , (A.5)
as
Aµ = ηµνA
ν , Aµ = ηµνAν . (A.6)
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Lower case Latin a, b, c, . . . are fermionic indices and are raised and lowered with the
spinor metric
Cab =− Cba =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 , Cab = −Cba =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 (A.7)
according to the northwest-southeast rules:
ψa = Cabψb , ψa = ψ
bCba . (A.8)
Symmetrization and anti-symmetrization are defined as follows without any normal-
ization:
(γ(µ)a
bψν)b ≡ (γµ)abψνb + (γν)abψµb , (γ[µ) ba ψν]b ≡ (γµ) ba ψνb − (γν) ba ψµb . (A.9)
We use the following conventions for the Riemann and Ricci tensors, Ricci scalar, and
Christoffel symbols:
Rαµβν =∂νΓ
α
µβ − ∂βΓαµν + ΓρµβΓανρ − ΓρµνΓαβρ (A.10a)
Rµν = R
α
µαν =∂νΓ
α
µα − ∂αΓαµν + ΓαµβΓβνα − ΓαµνΓβαβ (A.10b)
R =gµνRµν (A.10c)
Γµαβ =
1
2
gµν(∂(βgα)ν − ∂νgαβ) . (A.10d)
We linearize with
gµν = ηµν + hµν , g
µν = ηµν − hµν (A.11)
after which indices are raised and lowered by the Minkowski metric ηµν and hµν is
referred to as the graviton. For instance, we have the linearized Christoffel symbol
Γµαβ =
1
2
ηµν(∂(βhα)ν − ∂νhαβ) . (A.12)
We define the d’Alembertian operator as
 ≡ ηµν∂µ∂ν (A.13)
and h denotes the trace of the graviton which is symmetric
h ≡ηµνhµν , hµν = hνµ . (A.14)
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Conventions for reducing 4D transformation laws to the 0-brane as well as all conven-
tions for drawing adinkras from these transformation laws are as reviewed in Sec. 2
and are the same as in Parts I and II [1, 2]. Another review of these rules can be
found in Appendix A of Part II [2].
B Proof of Most General mSG Lagrangian, Trans-
formation Laws, and Algebra in Majorana Com-
ponents
The most general linear 4D, N = 1 minimal SUGRA Lagrangian with component
fields in a real Majorana representation as used in this paper takes the form
L =h0
(
−1
2
∂αhµν∂
αhµν +
1
2
∂αh∂αh− ∂αh∂βhαβ + ∂µhµν∂αhαν
)
+
− s01
2
S2 − p01
2
P 2 + a0
1
2
AµA
µ − f01
2
ψµaǫ
µναβ(γ5γν)
ab∂αψβb (B.1)
where a0, s0, p0, h0, and f0 are constants to be determined via supersymmetry.
Variation of the Lagrangian with respect to hµν results in
δL =− 2δhµν
(
Rµν − 1
2
ηµνR
)
(B.2)
where Rµν is the linearized Ricci tensor
Rµν =− ∂αΓαµν + ∂νΓαµα − ΓαµνΓβαβ + ΓαµβΓβνα
=− 1
2
∂β∂(µh
β
ν) +
1
2
∂α∂
αhµν +
1
2
∂µ∂νh . (B.3)
This confirms we are using the correct linearized supergravity Lagrangian as it pro-
duces Einstein’s equations in vacuum for the linear theory.
In the following subsections, we will first impose this supersymmetry via a set of
general transformation laws, then use closure of the algebra of these transformation
laws to find a final solution for these constants. This will leave us, up to field redefi-
nition symmetries present in the Lagrangian, the most general Lagrangian and set of
supersymmetric transformation laws.
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B.1 Transformation Laws
The most general transformation laws that are an invariant of the Lagrangian
take the form
DaS =is1(σ
µν) ba ∂µψνb (B.4a)
DaP =p1(γ
5σµν) ba ∂µψνb (B.4b)
DaAµ =ia1(γ
5γν) ba ∂[νψµ]b + a2ǫ
ναβ
µ (γν)
b
a ∂αψβb (B.4c)
Dahµν =h1(γµ)
b
a ψνb + h1(γν)
b
a ψµb + h2ηµν(γ
α) ba ψαb (B.4d)
Daψµb =if1(γµ)abS + f2(γ
5γµ)abP + f3(γ
5)abAµ + if4(γ
5σ νµ )abAν+
+ f5(σ
αβ)ab∂αhβµ + if6Cab∂αh
α
µ + if7Cab∂µh+ f8(σ
ν
µ )ab∂νh+
+ f9(σ
α
µ )ab∂βh
β
α . (B.4e)
A few comments about the things that have led us to this present form. We have
excluded all terms on the right hand sides of the transformation laws for S, P , and Aµ
that do not obey the symmetry in Eq. (3.8). It is also notable that the spin connection
shows up in the f5 term in the transformation laws for ψµb, and is equivalent to
ωµαβ = gανe
ρ
β∂µe
ν
ρ + gανΓ
ν
µβ =
1
2
∂[βhα]µ (B.5)
where the linear frame fields are defined as
e
µ
µ ≡δµµ + 1
2
f
µ
µ (B.6)
e µµ ≡δ µµ −
1
2
f µµ (B.7)
and defined to satisfy
hµν ≡ηµαδανf
µ
µ = ηναδ
α
µf
µ
ν (B.8)
hµν ≡ηµαδ να f µµ = ηναδ µα f νµ (B.9)
so that we have the linear relations
gµν ≡eµµeννηµν = ηµν + hµν +O(h2) (B.10)
gµν ≡e µµ e νν ηµν = ηµν − hµν +O(h2) (B.11)
gµνg
να =(ηµν + hµν)(η
να − hνα) +O(h2) = δ αµ +O(h2) . (B.12)
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Enforcing the supersymmetry on the Lagrangian (B.1) such that
DaL = 0 + total derivatives (B.13)
leads to the following solution for the fi in terms of s1, p1, a0, s0, p0, h0, f0, a1, a2,
h1, and h2
f1 = − s0
2f0
s1 , f2 = − p0
2f0
p1 , f4 = − a0
2f0
a1 ,
f3 = −a0
f0
(
a2 − 1
2
a1
)
, f5 = −2h0
f0
h1 , h2 = f6 = f8 = f9 = 0 . (B.14)
The fact that f7 is yet unconstrained is not surprising as this term encodes the gauge
symmetry in Eq. (3.8). For now, we shall keep it unknown.
This gives us, for transformation laws that are a symmetry of the Lagrangian (B.1)
DaS =is1(σ
µν) ba ∂µψνb (B.15a)
DaP =p1(γ
5σµν) ba ∂µψνb (B.15b)
DaAµ =ia1(γ
5γν) ba ∂[νψµ]b + a2ǫ
ναβ
µ (γν)
b
a ∂αψβb (B.15c)
Dahµν =h1(γµ)
b
a ψνb + h1(γν)
b
a ψµb (B.15d)
Daψµb =− i s0
2f0
s1(γµ)abS − p0
2f0
p1(γ
5γµ)abP − a0
f0
(
a2 − 1
2
a1
)
(γ5)abAµ+
− i a0
2f0
a1(γ
5σ νµ )abAν − 2
h0
f0
h1(σ
αβ)ab∂αhβµ + if7Cab∂µh (B.15e)
B.2 Algebra
Next, we wish to finish solving for the leftover constants in the transformation
laws (B.15) so they satisfy the algebra:
{Da,Db}S = 2i(γµ)ab∂µS , {Da,Db}P = 2i(γµ)ab∂µP,
{Da,Db}Aν =2i(γµ)ab∂µAν , (B.16)
{Da,Db}hµν =2i(γα)ab∂αhµν + 2i∂(µ(Vν))ab, (B.17)
{Da,Db}ψµc =2i(γα)ab∂αψµc + 2i∂µϕabc . (B.18)
with the gauge freedom encoded by
(Vν)ab =b1(γ
α)abhνα + b2(γν)abh (B.19)
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ϕabc =c1(γ
α)abψαc + c2(γ
α)c(aψ|α|b) +
[
c3(γ
5γσ)c(a(γ
5)db) + c4Cc(a(γ
σ)db)
]
ψσd (B.20)
with bi and ci new constants to be solved for. We in fact started from a much more
complicated gauge invariant term than ϕabc, but here only summarize the part of the
proof for the terms that did not vanish.
By direct, brute force calculation, we have found that the most general set of
parameters which satisfy closure as above and Lagrangian invariance are
s0 =
2f0
3s21
, p0 =
2f0
3p21
, a0 =
2f0
3a21
, h0 =
f0
4h21
,
a2 =− 1
2
a1 , f1 = − 1
3s1
, f2 = − 1
3p1
, f3 =
2
3a1
,
f4 =− 1
3a1
, f5 = − 1
2h1
, b1 = −1
2
, c1 = −1 ,
c2 =c3 = c4 =
1
4
, f7 = b2 = f6 = h2 = f8 = f9 = 0 . (B.21)
There are still has five free parameters, s1, p1, a1, h1, and f0, which encode the left
over normalizations in the Lagrangian, an overall rescaling of the Lagrangian, and
the binary symmetries of the Lagrangian, i.e. hµν → −hµν , etc. Notice, that closure
has now forced h7 = b2 = 0.
The final, most general Lagrangian, transformation laws, and algebra are:
L = f0
4h21
(
−1
2
∂αhµν∂
αhµν +
1
2
∂αh∂αh− ∂αh∂βhαβ + ∂µhµν∂αhαν
)
+
− 2f0
3s21
1
2
S2 − 2f0
3p21
1
2
P 2 +
2f0
3a21
1
2
AµA
µ − f0 1
2
ψµaǫ
µναβ(γ5γν)
ab∂αψβb (B.22)
and
DaS =is1(σ
µν) ba ∂µψνb (B.23a)
DaP =p1(γ
5σµν) ba ∂µψνb (B.23b)
DaAµ =ia1(γ
5γν) ba ∂[νψµ]b −
1
2
a1ǫ
ναβ
µ (γν)
b
a ∂αψβb (B.23c)
Dahµν =h1(γµ)
b
a ψνb + h1(γν)
b
a ψµb (B.23d)
Daψµb =− i
3s1
(γµ)abS − 1
3p1
(γ5γµ)abP +
2
3a1
(γ5)abAµ − i
3a1
(γ5σ νµ )abAν+
− 1
2h1
(σαβ)ab∂αhβµ (B.23e)
which satisfy the algebra in Eq. (3.5). With no loss of generality, we therefore make
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the following choices for the final five parameters
a1 = s1 = p1 = f0 = 2h1 = 1 (B.24)
which puts the Lagrangian and transformation laws into the forms used throughout
the paper, i.e., Eqs. (3.2) and (3.1). Also, various gamma matrix identities take us
from Eqs. (B.20) and (B.21) to Eq. (3.6) for the closure term on the gravitino.
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